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ùÀ�Ø�

ø ü��±¨�½õ ý�¨À�û ý���õ¥ ¤¢ ùÀª �ÂÎõ Ýa úõ ý�û�ÜÿÆõ ¥� üØþ Â�Æõ ßþÂ�ù� ��î ö¢Âî �À�� ý�ÜÿÆõ
.Àª��üõ ùÂ�è ø ×����ø ¤ ,(GIS) üþ��ê�Âç� ��ä�Ïa � ý�ûÝµÆ�¨ ,é�Âð ý�ûÝµþ¤�Úó� ö��Ýû ýÂÚþ¢ ý�û�¡�ª
¼Î¨ ×þ ¥� �ÎÖ÷ ø¢ ß�� Â�Æõ ßþÂ�ù���î ß��ã� ö� éÀû �î ´¨� �ÜÿÆõ ßþ� ¥� ü¬a �¡ ´ó�� �õ ÂÑ÷¢¤�õ ý�ÜÿÆõ
�ó�Öõ ßþ� ¤¢ .Àª�� �µêÂð ¤�Âì üú�øÀ�� ×þ ¼Î¨ ýø¤ Â�Æõ ô�Þ� �î ý��÷�ð �� ,´¨� ýÀã� �¨ ý�Ìê ¤¢ ¤�¢ö¥ø
ý�� ø §Â� ý�Â� Û� ø Ý�ÆÖ� Ýµþ ¤�Úó� ×þ ,���õ¥ ßþ� ¤¢ ùÀª ô�¹÷� ý�û¤�î ü¨¤Â� ø �ÜÿÆõ Õc �ì¢ üêÂa ãõ ¥� Å�
ý�Â� ý¥��õ Ýµþ ¤�Úó� ×þ ,ö� §�¨�Â� ø Ý��îüõ üêÂaãõ ¤�¢ ö¥ø ýùÀª ýÀ�� ¶Ü·õ ÝÑ�õ�÷ ��Î¨ ¤¢ Â�Æõ ßþÂ�ù���î
ö�Ã�õ ý�Æþ�Öõ �� ,ý¥��õ Ýµþ ¤�Úó� ßþ� ý¥�¨ù¢��� ¥� ùÀõ�´¨¢�� ¸þ�µ÷ ü¨¤Â� �� Å³¨ .¢Âî Ý�û��¡ ���¤� �ÜÿÆõ

.´¡�¢Â� Ý�û��¡ ü±��Â� Ýµþ ¤�Úó� �� ´±Æ÷ ý¥��õ Ýµþ ¤�Úó� âþÂÆ�

.¤�¢ö¥ø üú�øÀ�� ,Â�Æõ ßþÂ�ù���î ,ü±þÂÖ� Ýµþ ¤�Úó� ,ý¥��õ Ýµþ ¤�Úó� ,ü��±¨�½õ ý�¨À�û :�ûù¦�øÀ�Üî

�õÀa Öõ 1
ý��ÜÞ�À�� ý�±�Âõ ¥� ý�Â�� ö�õ¥ �� ý�ûÝµþ¤�Úó� �ÜÿÆõ
ö� ¤¢ �î ýÀã� �¨ ý�Ìê ¤¢ ø üÜaî ´ó�� ¤¢ üóø ¢¤�¢ ¢��ø
×þ �ÜÿÆõ ßþ� ,À÷¤�¢ ¢��ø üú�øÀ�� ÛØª �� â÷�õ ý¢�Àã�

.¢�ªüõ ��Æ½õ NP-Hard ý�ÜÿÆõ

üêÂa ãõ �� ,ùÀª ô�¹÷� ý�û¤�î ü¨¤Â� ßÞ® �ó�Öõ ßþ� ¤¢
Â�Æõ ßþÂ�ù���î ý�� ø §Â� ý�Â� Û� ø Ý�ÆÖ� Ýµþ ¤�Úó� ×þ
ù¢�Ôµ¨� � � ø Ýþ¥�¢Â �üõ ¤�¢ö¥ø üú�øÀ�� ×þ ¼Î¨ ýø¤
.Ý�û¢üõ ���¤� �ÜÿÆõ Ûa � ý�Â� ý¥��õ Ýµþ ¤�Úó� ×þ ,ö� ¥�
Ýµþ ¤�Úó� ý¥�¨ù¢��� ¥� Û¬�� üÜÞä ¸þ�µ÷ ü¨¤Â� �� Å³¨
¥� Ýû ø üÜÞä à�½ó ¥� Ýû ,�¤ Ýµþ ¤�Úó� âþÂÆ� ö�Ã�õ ,ý¥��õ

.¢Âî Ý�û��¡ Û�Ü½� ø ü¨¤Â� ýÂÑ÷ ý�±��

¶ä�� ß�õ¥ Çþ�Þ�� ø ×����ø ¤ ý���õ¥ ¤¢ Â�¡� ��Ö�Ö½�
.´¨� ùÀª ´îÂ� ýÃþ¤�õ�÷Â� ý���õ¥ ¤¢ ��Ö�Ö½� ©ÂµÆð
�À�� �� ¯��Âõ Û��Æõ ,���õ¥ ßþ� ¤¢ Û��Æõ ßþÂ�ùÀÞä ¥� üØþ
ý�¨À�û ¤¢ ý��þ�� Û��Æõ ¥� �î ´¨� Â�Æõ ßþÂ�ù���î ö¢Âî

.¢�ªüõ ��Æ½õ �ûé�Âð ý�þaÂÑ÷ ø ü��±¨�½õ

Ý�û��¡ ��a �� �ÜÿÆõ ßþ� ¥� ü¬a �¡ á�÷ �� ,�ó�Öõ ßþ� ¤¢
×þ ¥� �ÎÖ÷ ø¢ ß�� Â�Æõ ßþÂ�ù���î ß��ã� ö� éÀû �î ¢Âî
üú�øÀ �� .´¨� ýÀã � �¨ ý�Ìê ¤¢ ¤�¢ö¥ø üú�øÀ ��
üÖ � Ö� ¢Àä ×þ ö� ��ø Âû � � � î ´¨� ü½Î¨ ,¤�¢ö¥ø
¤�±ä ý��þÃû ýùÀ�û¢ ö�È÷ �î ´¨� ùÀª ù¢�¢ ´±Æ÷ üÔ�õ�÷
ß þ� ö¥ø öøÀ � ´ó�� ý�Â � .´¨� ��ø ö� ¤¢ ñ�Ï À��ø ¥�
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Algorithm Running Time

Mitchell and Papadimitriou O(n8 log(nK
N
))

Lanthier et al. O(n5)

Mata and Mitchell O(n3K)

Aleksandrov et al. O(n(K logK) log(nK logK))

¤�¢ö¥ø ��Î¨ ýø¤ Â�Æõ ßþÂ�ù���î ßµê�þ ü±��Â� ý�ûÝµþ¤�Úó� :1 ñøÀ�

ý��¤¢ � ø �û����÷ ¼�½¬ ö¥ø ßþÂ�Ýî ø ßþÂ�Ç�� Â��Â �
ß þ� Â �Ç � � �� � �Ã � .´¨� Â �¤� î Í ä � � ùÀªÓþÂ ã � ć ìa¢

.´¨� ùÀõ� ]10, 9[ â��Âõ ¤¢ �ûÝµþ¤�Úó�
Ý µ þ ¤� Ú ó� ,¢� ªü õ ùÀ û�È õ 1 ñøÀ� ¤¢ � î ¤� Ïö� Þ û
�Â�� ö�õ¥ üc ÚµÆ��ø ´¨� �µÆ÷��� Ç÷�¤�ØÞû ø Aleksandrov
ý��Ñ��õ Û��ì ¤�Ï�� ÂÚþ¢ ý�ûÝµþ¤�Úó� �� ´±Æ÷ �¤ n ��
ý¥�¨ù¢��� ý�Â� Ã�÷ �õ ,°ÜÎõ ßþ� �� ��a �� �� .Àû¢ Çû�î
Aleksandrov Ýµþ¤�Úó� ¥� 5 Ç¿� ¤¢ ¢�¡ ý¥��õ Ýµþ ¤�Úó�

.¢Âî Ý�û��¡ ù¢�Ôµ¨�

ý¥��õ ý�ûÝµþ¤�Úó� 2.3

ýø¤ Â�Æõ ßþÂ�ù���î ßµê�þ ý�Â� üÔÜµ¿õ ý¥��õ ý�ûÝµþ¤�Úó�
â�Âõ ¤¢ Leighton ,ñ�·õ ö���ä�� .´¨� ùÀª ���¤� �ûé�Âð
¥� 1§�b¤ ø¢ Âû ß�� Â�Æõ ßþÂ�ù� ��î �î ´¨� ù¢�¢ ö�È÷ ]7[
ýÀa ã� ¤�µÆ� Ýc µþ ¤�Úó� ý�Ü�¨ø�� ö���üõ �¤ ¤�¢ö¥ø é�Âð ×þ
ßþÂ�ù���î ,Ýµþ ¤�Úó� ßþ� ¤¢ .¢�Þ÷ �±¨�½õ ý¥��õ ¤�Ï�� é�Âð
Í ä � � ,ü¨�b¤ n ¤c�¢ö¥ø é�Â ð ×þ ¥� §�b¤ ø¢ Âû ß� � Â �Æõ
O(n2) ýÂ�ð¤�î�� � � ,�ûùÀ÷¥�¢Â� ¥� Ûc Øªý¤�� ¤�µ¡�¨ ×þ

.¢�ªüõ �±¨�½õ O(n) ö�õ¥ ¤¢ ø ùÀ÷¥�¢Â�
Â þ� ¨ � � �bÀ ± õ §c �b¤ × þ ¥� Â � Æ õ ß þÂ �ù� �� î ý� Ü ÿ Æ õ
� µ êÂð ¤�Â ì ü¨¤Â � ¢¤�õ ý¥�¨ý¥��õ ù� ðÀþ¢ ¥� Ã � ÷ 2�û§�b¤
üêÂa ãõ �¤ üÞµþ¤�Úó� ]8[ â�Âõ ¤¢ Kruskal ø Paige .´¨�
ùÀ÷¥�¢Â� O(n) ¥� ù¢�Ôµ¨� �� ø O(n log n) ö�õ¥ ¤¢ �î À÷�ù¢Âî
�±¨�½õ �¤ �û§�b¤ Âþ�¨ �� �bÀ±õ §�b¤ ×þ ß�� Â�Æõ ßþÂ�ù���î
´¨� ù¢Â î ü êÂa ã õ �¤ üÞ µ þ¤� Ú ó� Ã � ÷ ]4[ Cohen .À � îü õ
ù¢� Ô µ¨� � � �¤ ¤�¢´ú� é�Âð ×þ ¤¢ �ûÂ �Æõ ß þÂ �ù� �� î �î
Ýµþ¤�Úó� ßþ� .À�îüõ �±¨�½õ 3¥�¨�À�-k� ý�û�þÃ¹� ¥�
Â Ú þ¢ ý� û§�b¤ ô� Þ � � � �bÀ ± õ §�b¤ s ß � � Â � Æ õ ß þÂ �ù� �� î
.À � îüõ � ±¨�½õ O(n3� + s(n + n2�)) ¤� î á�Þ¹õ � � �¤
ý�ûé�Â ð ý�Â � ö�Â î ß þ� ¥� ö�� �üõ � = 0=5 ö¢�¢ ¤�Â ì � �
Â � Æ õ ß þÂ �ù� �� î ü Üa î ¤� Ï� � .¢� Þ ÷ ù¢� Ô µ ¨� ¼ Îa Æ õ
¤� î á� Þ ¹ õ � � Â Ú þ¢ ý� û§�b¤ ô� Þ � � � �bÀ ± õ §�b¤ s ß � �

��óø� Óþ¤�ã� 2

ø �bÀ±õ ¯�Ö÷) t ø s ý�ÎÖ÷ ø¢ ù�ÂÞû�� P ¤�¢ö¥ø üc ú�øÀ��
�À � � éÀû ;´¨� ùÀª ù¢�¢ üú�øÀ�� ¼Î¨ ýø¤ (ÀÊÖõ
¼Î¨ ýø¤ �ÎÖ÷ ø¢ ßþ� ß�� ¤�¢ö¥ø Â�Æõ ßþÂ�ù� ��î ö¢Âî
,¢�ª �µ¨�î �ÜÿÆõ ´�Üaî ¥� �îßþ� öøÀ� .Àª��üõ üú�øÀ��
¯�Ö÷ ø À÷�¶Üa·õ ÛØª�� �û��ø üõ�Þ� �î Ý��î ­Âê Ý�÷���üõ

.À�µÆû ýÀ��¶Üa·õ ßþ� ¥� §�b¤ ø¢ t ø s
ö� öc ¥ø ö���ä�� wf ć ±·õ ¢Àä ×þ ,P ¥� f ��ø Âû ��
Â ��Â � ¢Àä ßþ� ´Ö � Ö� ¤¢ .´¨� ùÀª ù¢�¢ «�Êµ¡� ��ø
ý�Ü¬�ê Âð� .Àª� �üõ ��ø ¤¢ ñ�Ï À��ø ¥� ¤� ±ä ý�� þÃû
,Ý � û¢ Ç þ� Þ ÷ jxyj � � �¤ y ø x ý�Î Ö ÷ ø¢ ß � � ü ¨À � Ü ì�
wf jxyj Â��Â� wf ö¥ø �� ��ø ×þ ¤¢ �ûö� ¤�¢ö¥ø ý�Ü¬�ê
ö�È÷ kxyk �¤�¬�� �¤ ¤�¢ö¥ø ý�Ü¬�ê ßþ� �î ¢�� Àû��¡
t ø s ¯�Ö÷ ß�� ¤�¢ö¥ø Â�Æõ ßþÂ�ù���î ,ß��»Þû .¢�¢ Ý�û��¡

.¢�¢ Ý�û��¡ Çþ�Þ÷ k�(s; t)k �� �¤ ö� ñ�Ï ø �(s; t) �� �¤

ùÀªô�¹÷� ý�û¤�î ü¨¤Â� 3
ßµê�þ ý�Â� ö��î �� �î üþ�ûÝµþ¤�Úó� ü¨¤Â� �� Ç¿� ßþ� ¤¢
ø ü±��Â� ´ó�� ¤¢ �� ,¤�¢ö¥ø ��Î¨ ýø¤ Â�Æõ ßþÂ�ù���î

.Ýþ¥�¢Â�üõ ,À÷�ùÀª ���¤� ý¥��õ ´ó�� ¤¢ ��

ü±��Â� ý�ûÝµþ¤�Úó� 1.3
¤�¢ö¥ø �� Î ¨ ¤¢ Â � Æ õ ß þÂ �ù� �� î ß µ ê� þ ý�Â � � î ß þ� � �
ü±þÂÖ� ý�ûÝµþ¤�Úó� ­�ä ¤¢ ,¢¤�À÷ ¢��ø üÖ�ì¢ Ýµþ ¤�Úó�

.À÷�ùÀª ���¤� �ÜÿÆõ ßþ� ý�Â� ü÷�ð�÷�ð
ö�õ¥ ù�ÂÞû�� ¢���õ ü±þÂÖ� ý�ûÝµþ¤�Úó� ,1 ñøÀ� ¤¢
ö�õ¥ ö��µ� �îßþ� ý�Â� .´¨� ùÀª ù¢�¢ ö�È÷ ×þ Âû üþ�Â��
,¢�Þ÷ �Æþ�Öõ ÂÚþ¢×þ �� üµ��¤�� �¤ �ûÝµþ ¤�Úó� ßþ� ý�Â��
Â µ õ�¤� � × þ §�¨� Â � ñøÀ� ß þ� ¤¢ �Â �� ý� ûö� õ¥ ü õ� Þ �
Â ��Â � N ,Â µ õ�¤� � ß þ� ¤¢ .À ÷�ùÀª É¿Èõ K = O(N

2
W

�w
)

°��Â��� w ø W ,¼Î¨ ¯�Ö÷ ¼�½¬ ��Êµ¿õ ßþÂ�ï¤Ã�

All-Pairs Shortest Path1

Single-Source Shortest Path2

k�-Separator3
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(�) (Óó�)

üØÞî ¯�Ö÷ �� °þÂÖ� é�Âð (�) ù¢�¨ °þÂÖ� é�Âð (Óó�) :1 ÛØª

§�b¤ ø¢ t ø s ø ü ú �øn ×þ P À � � î ­Â ê . 1 ý��aÌì
O(mn logmn) ü ÷� õ¥ ý� � þÃ û éÂ ¬ � � .À � ª� � ö� ¥�
t ø s ß � � �(s; t) ¤c�¢ö¥ø Â � Æ õ ß þÂ �ù� �� î ö�� �ü õ
� î ¢¥ ° þÂ Ö � ý¤� Ï �

0
(s; t) Â � Æ õ ý� Ü � ¨ø� � �¤

¢�Àã� Í¨�µõ ,m ¥� ¤�Ñ�õ) .k�0
(s; t)k � (1+ �)k�(s; t)k

]1[ (.´¨� °þÂÖ� é�Âð ý�ûñ�þ ýø¤ ùÀª�ê�®� üc ØÞî ¯�Ö÷

]9[ â�Âõ ¤¢ ¤�îÁõ ü±þÂÖ� Ýµþ ¤�Úó� ý¥�¨ù¢��� ýù�½÷
Ç¿� ßþ� ý�õ�¢� ¤¢ Ã�÷ Âþ¥ ý�þ�Ìì .´¨� ùÀõ� Ûõ�î ¤�Ï��

.´êÂð À�û��¡ ¤�Âì ù¢�Ôµ¨� ¢¤�õ

éÂ¬ � � ö�� �üõ �¤ §�b¤ n � � G ¼c Î
a Æõ é�Âð . 2 ý��aÌì

Âû �î ¢Âî ¥�Âê� ö��� ����÷ O(n=r) �� O(n) ü÷�õ¥ ý��þÃû
¢�¡ ¥Âõ ýø¤ §�b¤ O(pn) ø öø¤¢ §�b¤ O(r) Ûõ�ª ����÷

]3[ .Àª��

ß þÂ �ù� �� î ,ñ� þ m ø §�b¤ n � � G é�Â ð Â û ¤¢ . 3 ý��aÌì
ý�Â �� ¤� � n � � ö�� �ü õ �¤ é�Â ð ¥� §�b¤ ø¢ Â û ß � � Â � Æ õ
ö� õ¥ ¤¢ ,ü�� ÷� ± � ê ² � û ¥� ù¢� Ô µ ¨� � � �Â µ Æ þ�¢ Ý µ þ ¤� Ú ó�

]5[ .¢Âî �±¨�½õ O(n2 log n+ nm)

éÂ¬ � � .´¨� ùÀ ª ù¢�¢ � �ø n � � P ¼c Î ¨ . 4 ý��aÌì
¢Âî ¢�¹þ� ý¤�µ¡�¨ù¢�¢ ö���üõ O(n log n) ü÷�õ¥ ý��þÃû
,P ¼Î¨ ýø¤ p ù��¡ñ¢ ý�ÎÖ ÷ Âû ý�¥�� � ,ö� Í ä � � � î
�À�� ,¢¤�¢ ¤�Âì ö� ¤¢ p �î �¤ üú�ø O(log n) ö�õ¥ ¤¢ ö��µ�

]6[ .¢�Þ÷

Û� ø Ý�ÆÖ� Ýµþ¤�Úó� 1.4
ý� Ü �Â õ × þ ¥� ,Â �â þÂ ¨ ý��ø§Â � ý�Â � Ý µ þ ¤� Ú ó� ß þ�
Âþ¥ �¤�¬ �� ö� üÜaî Û��Âõ �î À�îüõ ù¢�Ôµ¨� ©¥�¢Â� Ç��

:´¨�

G °c þÂÖ� é�Âð ,Aleksandrov Ýµþ¤�Úó� ¥� ù¢�Ôµ¨� �� (1
�� Ý��îüõ ­Âê .Ýþ¥�¨üõ P üú�øÀ�� ýø¤ ¥� �¤
¤�Ï�� G éc �Âð ñ�þ Âû ýø¤ Â� ,Ýµþ ¤�Úó� ßþ� ý�Â��

.Àª�� ùÀª �ê�®� üØÞî ý�ÎÖ÷ m Íä �µõ

� î ,´¨� � ± ¨�½ õ Û �� ì O(M(n�) log2 n + s(n + n2�))

�Â® ý�Â � ùÀª � µ¡� �ª ö�Âî ßþÂ µú � M(k) = o(k2=37)

.´¨� k � k ý�ûÅþÂ��õ
º�û ö��î �� ,ùÀªô�¹÷� ý�û��ø´Æ� ø �ûü¨¤Â� Â� ���
¼Î¨ ýø¤ Â�Æõ ßþÂ�ù���î ö¢Âî �À�� ý�Â� ý¥��õ Ýµþ ¤�Úó�
� ��¤� ß�a ãõ� ÷ Àc ÊÖõ ø �bÀ±õ ¯�Ö ÷ � � ¤�¢ö¥ø üú�øÀ�� ×þ
ý�Â� Û� ø Ý�ÆÖ� Ýµþ ¤�Úó� ×þ ]2[ â�Âõ ¤¢ �õa� ,´¨� ùÀÈ÷
×þ ¥� ù��¡ñ¢ ý�ÎÖ÷ ø¢ Âû ß�� Â�Æõ ßþÂ�ù���î ý�� ø §Â�
Ý�ÆÖ� Ýµþ ¤�Úó� ßþ� ¥� ù¢�Ôµ¨� �� Ã�÷ �õ �î ´¨� ùÀª ���¤� é�Âð
ßþÂ�ù���î ý��ø§Â� ô�¹÷� ý�Â� ý¥��õ Ýµþ ¤�Úó� ×þ ,Û� ø

.¢Âî Ý�û��¡ ���¤� ¤�¢ö¥ø üú�øÀ�� ��Î¨ ýø¤ Â�Æõ

Â�Æõ ßþÂ�ù���î ý��ø§Â� 4

Ýþ¥�¢Â�üõ Û� ø Ý�ÆÖ� Ýµþ ¤�Úó� ×þ üêÂãõ �� Ç¿� ßþ� ¤¢
¢� ¹ þ� ý¤� µ ¡� ¨ù¢�¢ ,� � óø� �� ä� Ï� ©¥�¢Â � Ç � � � � � î
Âû ß�� ü±þÂÖ� Â�Æõ ßþÂ�ù���î ö���üõ ö� Í¨�� �î À��îüõ
Ýµþ¤�Úó� ßþ� .¢¤ø� ´¨¢�� �¤ é�Âð ×þ ¥� ù��¡ñ¢ §�b¤ ø¢
ý�Â � ©ø¤ ß þ� ¥� Ã � ÷ � õ ø ´¨� ùÀª ü êÂ ã õ ]2[ â�Â õ ¤¢
.´Æ� Ý�û��¡ ùÂú� 5 Ç¿� ¤¢ ý¥��õ Ýµþ ¤�Úó� ý¥�¨ù¢���

¤¢ Â�Æõ ßþÂ�ù���î ý�ûÝµþ¤�Úó� ¥� Ý�÷��µ� �î ßþ� ý�Â�
�Àµ�� Àþ�� ,Ý��î ù¢�Ôµ¨� ¤�¢ö¥ø ý�ûüú�øÀ�� ý�Â� ,�ûé�Âð
¤¢ Å³¨ ø Ý� ÷Ã � °þÂÖ � ¤�¢ö¥ø é�Âð ×þ � � �¤ üú�øÀ��
ø �bÀ±õ ¯�Ö÷ ß�� Â�Æõ ßþÂ�ù���î ,ùÀõ� ´¨¢�� °þÂÖ� éc �Âð
Ý�þ�Þ÷ �±¨�½õ �ûé�Âð ¤¢ ¢���õ ý�ûÝµþ¤�Úó� Í¨�� �¤ ÀÊÖõ
ý�ûñ�þ ýø¤ üØÞî ý�ÎÖ÷ À�� öø¢Ãê� �� .(Óó�-1 ÛØª)
üØÞî ¯�Ö ÷ ýø¤ Ûõ�î é�Âð ×þ ßµ¡�¨ ø °þÂÖ � é�Âð
ùÀõ�´¨¢�� ü±þÂÖ� Â�Æõ ö���üõ ,é�Âð ��ø Âû �� ¯��Âõ
.(�-1 ÛØª) ¢Âî Â �×þ¢Ã ÷ üãì�ø Â �Æõ ßþÂ �ù� �� î � � �¤
¤�Ï�� öø¢Ãê� � � À÷��µÆ÷�� � ]1[ Ç÷�¤�ØÞû ø Aleksandrov
Ýµþ¤�Úó� ×þ ,°þÂÖ� é�Âð ¥� ñ�þ Âû ýø¤ �ÎÖ÷ mÍ¨�µõ
üú�øÀ�� ��Î¨ ýø¤ Â�Æõ ßþÂ�ù���î ßµê�þ ý�Â� ü±þÂÖ�-�

.À�þ�Þ÷ ���¤� ¤�¢ö¥ø

3



ßþÂ�ù���î ,Rj ø Ri ýc ¥Âõ ¯�Ö÷ �ø¥ Í ä �� ùÀª¢�¹þ�
.Ýþ¤ø�üõ ´¨¢�� �¤ t ø s ß�� Â�Æõ

Ýµþ¤�Úó� ü÷�õ¥ üðÀ�»�� 2.4

� � G éc �Â ð ×þ ,©¥�¢Â � Ç� � Ý µ þ ¤� Ú ó� ¥� 1 ý� Ü�Â õ ¤¢
¤¢ ¤�î ßþ� .Ýþ¥�¨üõ ñ�þ O(nm2

) ø §�b¤ O(nm) Â·î�Àa �
Ýµ þ¤�Ú ó� ,2 ý�Ü�Âõ ¤¢ .´¨� ô�¹÷� Û�� ì O(nm2

) ö�õ¥
ô�¹÷� Û�� ì Gý�û§�b¤ ¢�Àã � � � ´±Æ÷ üÎ¡ ö�õ¥ � � ¥�Â ê�
.´ ¨� O(nm) � Ü �Â õ ß þ� ¥c� � ÷¢¤� õ ö� õ¥ ß þ�Â �� � � ,´ ¨�
ý����÷ Âû ¤¢ �¤ §�b¤ ø¢ Âû ß�� Â�Æõ ßþÂ�ù���î ,3 ý�Ü�Âõ
����÷ Âû ý�Â� ¤�î ßþ� ,3 ý��Ìì Â� ��� .À�îüõ �±¨�½õ Gi

ý��þÃû á�Þ¹õ ¤¢ ø O(n2m2

k2
log(nm=k)+ n

2
m
3

k2
) ý��þÃû

.´ª�¢ À û�� ¡ Â � ¤¢ O(n2m2=k log(nm=k) + n2m3=k)

O(
p
nm=k �

p
nm=k) = O(nm=k) ö�õ¥ ¤¢ 4 ý�Ü�Âõ

ß�� �¤ Â�Æõ ßþÂ�ù���î Àþ�� 5 ý�Ü�Âõ ¤¢ .´¨� ô�¹÷� Û��ì
Ý��î �À�� ñ�þ O(nm) ø §�b¤ O(

p
knm) �� üê�Âð §�b¤ ø¢ Âû

¥�� ÷ O(knm log
p
knm + nm

p
knm) ö�õ¥ �� ¤�î ßþ� �î

ö�Þû � � ø ´¨� 3 ý�Ü�Â õ À � ÷� Þû Ã � ÷ 6 ý�Ü�Â õ .¢¤�¢
ý� Ü�Â õ ü ÷� õ¥ üðÀ �» � � �¹ � µ ÷ ¤¢ .¢¤�¢ ¥� � ÷ �Â �� öc � õ¥
O(n2m2=k log(nm=k) + :¥� ´ ¨� �¤� ± ä ©¥�¢Â � Ç � �

.n2m3=k + knm log
p
knm+ nm

p
knm)

�î üþ�û��ø ,��ø§Â� Ýµþ¤�Úó� ¥� 2 ø 1 ý�Ü�Âõ ¤¢
Õ±Ï ¤�î ßþ� .Ý��îüõ �À�� À�µÆû ÀÊÖõ ø �bÀ±õ ¯�Ö÷ Ûõ�ª
ý�Ü�Âõ ¤¢ .´¨� ô�¹÷� Û��ì O(logn) ö�õ¥ ¤¢ 4 ý��Ìì
ý�û����÷ ý¥Âõ ý�û§�b¤ �� t ø s ¥� Â�Æõ ßþÂ�ù���î ,4 ø 3
ø Àþ�üõ ´¨¢ �� �Æþ�Öõ O(m

p
nm=k) �� ¯�Ö÷ ö� Ûõ�ª

¯�Ö÷ �ø¥ ß�� ùÀª¢�¹þ� Â�Æõ O(nm=k) ý�Æþ�Öõ �� Å³¨
.¢�ªüõ �±¨�½õ t ø s ß�� Â�Æõ ßþÂ�ù���î ,����÷ ø¢ ý¥Âõ
:¥� ´¨� �¤�±ä �� ø §Â� ý�Ü�Âõ ü÷�õ¥ üðÀ�»�� �¹�µ÷ ¤¢
¥�� ÷¢¤�õ ý�Ñê�� Ûa î ß��»Þû .O(nm=k+m

p
nm=k)

.´¨� O(n2m2=k) Â��Â� Ýµþ ¤�Úó� ßþ� ý�Â�

ý¥��õ Ýµþ¤�Úó� 5

ý¥��õ Ýµþ ¤�Úó� ý¥�¨ù¢��� ýù�½÷ ¼�®�� �� Ç¿� ßþ� ¤¢
Í�½õ ×þ ¥� Ýµþ ¤�Úó� ßþ� ý¥�¨ù¢��� ý�Â� .´¡�¢Â� Ý�û��¡
ÕþÂÏ ¥� �ûùÀ÷¥�¢Â� ö� ¤¢ �î ´¨� ùÀª ù¢�Ôµ¨� ý¥��õ ©¥�¢Â�
ý¥�¨ù¢�� � ý�Â� .À�µÆû ¯�±�¤� ¤¢ ÂÚþ¢×þ �� 4ô�� � ñ�¨¤�
¤��µ¡� ¤¢ ùÀ÷¥�¢Â� k + 1 �î Ý��îüõ ­Âê Ýµþ¤�Úó� ý¥��õ
ýùÀ ÷¥�¢Â � .À ÷�ùÀ ª ý¤�Á ðù¤� Þ ª k + 1 � � 1 ¥� � î Ý þ¤�¢

Â û � î Rk ø: : : ,R2 ,R1 ý� � �� ÷ k � � �¤ G é�Â ð (2
.Ý��îüõ Ý�ÆÖ� ,´¨� §�b¤ O(mn=k) Ûõ�ª ���� ÷
°��Â��� �¤ �û����÷ ßþ� ¥� ×þ Âû �� �µÆ��ø ý�ûé�Âð

.Ý�õ�÷üõ Gk ø: : : ,G2 ,G1

ßþÂ�ù���î ,(1 � i � k) Ri ý�û����÷ ô�Þ� ý�¥� �� (3
.Ý��îüõ �±¨�½õ �¤ Gi §�b¤ ø¢ Âû ß�� Â�Æõ

ýø¤ G0

i Ûc õ� î é�Â ð × þ ,Ri ý� � �� ÷ Â û ý�Â � (4
G0

i ¥� ñ� þ Â û ö¥ø .Ý þ¥� ¨ü õ Ri ý¥Â õ ý� û§�b¤
Gi ýc ¥Âõ §�b¤ ø¢ ß�� Â�Æõ ßþÂ�ù���î ýùÀ�û¢ö�È÷
ý����÷ öø¤¢ �fõ�Þ� Â�Æõ ßþÂ�ù���î ßþ� �î üµìø ,´¨�

.Àª�� �µª�¢ ¤�Âì Ri
,�û����÷ ý�Þû ýc ¥Âõ ý�û§�b¤ ß�� Â�Æõ ßþÂ�ù���î (5
é�Â ð ¥� §�b¤ ø¢ Â û ß � � Â � Æ õ ß þÂ �ù� �� î ü � ã þ

.Ý��îüõ �±¨�½õ �¤ G0

1
[ G0

2
[ � � � [ G0

k

Â û ý�Â � Â Ú þ¢ ¤� � .G00

i = Gi [ G0

i Ý � � îü õ ­Â ê (6
�¤ G00

i ¥� §�b¤ ø¢ Âû ß�� Â�Æõ ßþÂ�ù���î ,Ri ý����÷
.Ý��îüõ �±¨�½õ

ø u §�b¤ ø¢ ß�� Â�Æõ ßþÂ�ù���î Ý�û��¡üõ À��î ­Âê
(Óó�) :Àû¢  ¤ ´¨� ßØÞõ ´ó�� ø¢ .Ý��î �À�� �¤ G ¥� v
¤¢ v ø u (�) ,À÷¤�¢ ¤�Âì Ri �f ·õ ,����÷ ×þ ¤¢ ø¢ Âû v ø u
ñøa� ´ó�� ¤¢ .À ÷�� µ êÂ ð ¤�Â ì Rj ø Ri ÓÜµ¿õ ý���� ÷ ø¢
G00

i ¤¢ �ûÂ�Æõ ßþÂ�ù���î ßµÆ÷�¢ �� v ø u ß�� Â�Æõ ßþÂ�ù���î
�� (v ø) u ß�� Â�Æõ ßþÂ�ù���î ,ôøa¢ ´ó�� ¤¢ .Àþ�üõ ´¨¢��
.Ýþ¤�¢ ¤��µ¡� ¤¢ �¤ (Rj ß��»Þû ø) Ri ý¥Âõ ý�û§�b¤ ô�Þ�
¥� �¤ Rj ø Ri ý¥Âõ §��¤ ô�Þ� ß�� Â�Æõ ßþÂ�ù���î üêÂÏ ¥�
����÷ Âû ¤¢ ý¥Âõ §�b¤ O(pr) �î��ö�¥� .Ý�µÆ÷�¢üõ Û±ì
u ß�� Â�Æõ ßþÂ�ù���î Ý�÷���üõ ,(r = O(mn=k)) ¢¤�¢ ¢��ø

.Ýþ¤ø� ´¨¢�� Â�Æõ O(pr �p
r) ý�Æþ�Öõ �� �¤ v ø

ø¢ ß�� Â�Æõ ßþÂ�ù� ��î Ý�û��¡üõ �î À��î ­Âê ñ��
ÂÒ��µõ ¯�Ö÷ ýø¤ �ÎÖ÷ ø¢ Âû Âð� .Ý����� �¤ P ¥� t ø s ý�ÎÖ÷
��� À�÷�Þû �¤ Â�Æõ ßþÂ�ù���î ,À�ª�� ùÀª âì�ø Gý�û§�b¤ ��
ô�¹÷� �¤ Âþ¥ Û��Âõ ,P ÂcÚþ¢ ù��¡ñ¢ ¯�Ö÷ ý�Â� .Ý��îüõ �À��

:Ý�û¢üõ

�À � � ,À � µÆû t ø s Ûõ�ª � î �¤ Rj ø Ri ý�û� ��� ÷ (1
.(À�ª�� Â��Â� Rj ø Ri ´¨� ßØÞõ) Ý��îüõ

ø s Ûõ�ª °��Â��� �î �¤ fj 2 Rj ø fi 2 Ri ý�û��ø (2
.Ý���þüõ ,À�µÆû t

fi üc ØÞî ¯�Ö÷ ô�Þ� �� üµìa�õ ý�ûñ�þ (t) s §�b¤ ¥� (3
.Ý��îüõ �ê�®� (G00

j ) G00

i é�Âð ¤¢ (fj)

Ri ýc ¥Âõ ý�û§�b¤ ô�Þ� �� (t) s ¥� Â�Æõ ßþÂ�ù� ��î (4
ý�ûÂ �Æ õ ý�Æ þ� Ö õ � � .Ý � � îüõ � ±¨�½ õ �¤ (Rj)

Message Passing4

4



ß�� Â�Æõ ßþÂ�ù���î ßµê�þ ý�Â� .Àþ�Þ÷ �±¨�½õ �¤ üú�øÀ��
:¢Â�ðüõ ô�¹÷� Âþ¥ Û��Âõ P ¥� t ø s ý�ÎÖ÷ ø¢

s Ûõ�ª �î �¤ Rj ø Ri ý�û����÷ ýÃîÂõ ýùÀ÷¥�¢Â� (1
Â��Â � Rj ø Ri ´¨� ßØÞõ) À�îüõ �À�� ,À�µÆû t ø
Rj ø Ri ý�ûùÀ÷¥�¢Â� �� �¤ t ø s ¯�Ö÷ Å³¨ .(À�ª��

.À�îüõ ñ�¨¤�

°� �Â �� � � î �¤ fj ø fi ý�û��ø ,j ø i ý�ûùÀ ÷¥�¢Â � (2
s ý�û§�b¤ ¥� Å³¨ .À��îüõ �À�� ,À�µÆû t ø s Ûõ�ª
�ê�®� fj ø fi üc ØÞî ¯�Ö÷ ô�Þ� �� üµìa�õ ý�ûñ�þ ,t ø
ý�û§�b¤ ô�Þ� �� t ø s ¥� Â�Æõ ßþÂ�ù���î ø À÷�ªüõ
ñ�¨¤� ýÃîÂõ ýùÀ÷¥�¢Â� �� ø �±¨�½õ Rj ø Ri ýc ¥Âõ

.¢�ªüõ

� � ¯� �Â õ �� ä� Ï� ´ ê� þ¤¢ � � ýÃ îÂ õ ýùÀ ÷¥�¢Â � (3
�� ø Rj ø Ri ýc ¥Âõ ý�û§�b¤ � � t ø s ¯�Ö÷ ý�Ü¬�ê
ý�û§�b¤ ¥� §�b¤ ø¢ Âû ß�� �ûÂ�Æõ ßþÂ�ù���î ßµª�¢
´¨¢�� �¤ t ø s ß�� Â�Æõ ßþÂ�ù���î Rj ø Ri ýc ¥Âõ

.¢¤ø�üõ

�Ñê�� ø ü÷�õ¥ üðÀ�»�� 1.5

�� ä� Ï� ýÃ îÂ õ ýùÀ ÷¥�¢Â � ,©¥�¢Â � Ç � � ý� Ü �Â õ ¤¢
���� ÷ k �� �¤ ö� ø À�îüõ ´ê�þ¤¢ ý¢ø¤ø ¥� �¤ üú�øÀ��
ß þ� ,Ý þÀ þ¢ 2 ý� �Ì ì ¤¢ � î ¤� Ïö� Þ û .À � îü õ Ý � Æ Ö �
ýÃîÂõ ýùÀ÷¥�¢Â� ß��»Þû .´¨� ô�¹÷� Û��ì O(n) ¤¢ ¤�î
ýc ¥Âõ ý�û§�b¤ ¥� §�b¤ ø¢ Âû ß� � Â �Æõ ßþÂ �ù� ��î ¤� � ×þ
¤�î ßþ� ü÷�õ¥ ý��þÃû �î À�îüõ �±¨�½õ �¤ �û����÷ ý�Þû
¢�Àã� m) ´¨� O(knm log

p
knm+ nm

p
knm) Â��Â� Ã�÷

.(´¨� ñ�þ Âû ýø¤ ùÀª�ê�®� üØÞî ¯�Ö÷
é�ÂðÂþ¥ �Àµ�� ©¥�¢Â�Ç�� ý�Ü�Âõ ¤¢ �ûùÀ÷¥�¢Â� Âþ�¨
O(nm2=k) ö� õ¥ ¤¢ ¤� îß þ� � î À ÷¥�¨üõ �¤ ¢�¡ � � ¯� �Â õ
Â�Æõ ßþÂ�ù���î ¤�� ø¢ ,ùÀ÷¥�¢Â� Âû Å³¨ .´¨� ô�¹÷� Û��ì
ý��þÃû ¤�î ßþ� �î À�îüõ �±¨�½õ �¤ ¢�¡ §�b¤ ø¢ Âû ß��
ö�õ¥ �¹�µ÷ ¤¢ .¢¤�¢ Â�¤¢ �¤ O(n2m2

k2
log(nm=k) + n

2
m
3

k2
)

Â ��Â � ýÃ îÂ õ ýùÀ ÷¥�¢Â � ¤¢ ©¥�¢Â � Ç� � ý� Ü�Â õ ý�Â ��
Â��Â� �ûùÀ÷¥�¢Â� Âþ�¨ ¤¢ ø O(knm log

p
knm+ nm

p
knm)

.´¨� O(n2m2

k2
log(nm=k) + n

2
m
3

k2
)

Ûõ�ª ý�û����÷ ýÃîÂõ ýùÀ÷¥�¢Â� ,��ø§Â� ý�Ü�Âõ ¤¢
��ä�Ï� ´ê�þ¤¢ ¥� Å� ø À�îüõ �À�� �¤ ÀÊÖõ ø �bÀ±õ ¯�Ö÷
,� û� ��� ÷ ý¥Â õ ý�û§�b¤ � � t ø s ß� � � ûÂ �Æ õ ß þÂ �ù� �� î
.¢¤ø�üõ ´¨¢ �� �¤ Â �Æõ ßþÂ �ù� ��î �Æþ�Öõ O(nm=k) � �
ýùÀ ÷¥�¢Â � ¤¢ � � ø §Â � ý� Ü �Â õ ý�Â �� ö� õ¥ ß þ�Â �� � �
Â��Â� t ø s Ûõ�ª ýùÀ÷¥�¢Â� ø¢ ¤¢ ø O(nm=k) Â��Â� ýÃîÂõ

.´¨� O(m
p
nm=k)

ÝþÂ�ðüõ ÂÑ÷¤¢ ýÃîÂõ ýùÀ÷¥�¢Â� ö���ä�� �¤ k+ 1 ýù¤�Þª
¯� ± �¤� ¤¢ ùÀ ÷¥�¢Â � ß þ� � � k � � 1 ýù¤� Þ ª ý� ûùÀ ÷¥�¢Â � ø

.¢�� À�û��¡
ý� Ü �Â õ :´ ¨� � Ü �Â õ ø¢ Û õ� ª ý¥�� õ Ý µ þ ¤� Ú ó�
ý��ø§Â� ý�Â� ¥��÷¢¤�õ ��ä�Ï� ö� üÏ �î ©¥�¢Â� Ç��
ü ú �øÀ � � ¼ Î ¨ ¥� � Î Ö ÷ ø¢ Â û ß � � Â � Æ õ ß þÂ �ù� �� î
ö� üÏ �î ��ø§Â � ý� Ü�Â õ ø ¢�ªüõ ý¤�¢�Ú ÷ ø À � ó� �
ý�Ü�Âõ .¢¢Âðüõ �±¨�½õ ùÀªù¢�¢ ¯�Ö÷ ß�� Â�Æõ ßþÂ�ù���î
Ý µ þ ¤�Ú ó� � � � � ±ª ¤� �Æ � ö� üÜa î Û��Â õ � î ©¥�¢Â � Ç� �

:´¨� Âþ¥ �Âª �� ,Àª��üõ 4 Ç¿� ¤¢ ùÀª ���¤�

üc ú�øÀ�� �� ¯��Âõ ��ä�Ï� ýÃîÂõ ýùÀ÷¥�¢Â� �Àµ�� (1
¤¢ §�b¤ ×þ ,P ¤¢ �ÎÖ÷ Âû ý�¥�� � ø À÷��¡üõ �¤ P
�� üú�øÀ�� ¤¢ �î �ÎÖ÷ ø¢ Âû ß�� ø ,G°þÂÖ� é�Âð

.Àû¢üõ ¤�Âì G ¤¢ ñ�þ ×þ ,À÷�ÛÊµõ ÂÚþ¢×þ

,é�Âð ¥�Âê� Ýµþ ¤�Úó� ¥� ù¢�Ôµ¨� �� ýÃîÂõ ýùÀ÷¥�¢Â� (2
.À�îüõ Ý�ÆÖ� Rk ø: : : ,R2 ,R1 ý����÷ k �� �¤ G
Ûõ� ª � î �¤ Ri ý� ��� ÷ � � ¯� �Â õ �� ä�Ï� Å³¨
ýùÀ÷¥�¢Â� �� ,´¨� ����÷ ö� ¤¢ �µêÂð ¤�Âì ý�û��ø

.Àµ¨Âêüõ ô�e i

�� ä� Ï� ´ ê� þ¤¢ � � (1 � i � k) ô�e i ýùÀ ÷¥�¢Â � (3
ø üØ Þ î ¯� Ö ÷ ö¢øÃ ê� � � �¤ Gi é�Â ð ,Ri ý� � �� ÷

.¢¥�¨üõ ��ø Âû ¤¢ üØÞî ¯�Ö÷ ß�� ý�ûñ�þ

Âû ß�� Â�Æõ ßþÂ�ù���î ,k �� 1 ý�ûùÀ÷¥�¢Â� ¥� ×þ Âû (4
.À�îüõ �±¨�½õ �¤ Gi ¥� §�b¤ ø¢

ý�û§�b¤ ß�� ùÀõ� ´¨¢�� Â�Æõ ßþÂ�ù���î ùÀ÷¥�¢Â� Âû (5
ßþ� ¤¢ .Àµ¨Âêüõ ýÃîÂõ ýùÀ÷¥�¢Â� �� �¤ ¢�¡ ýc ¥Âõ
ý� ûñ� þ ýø¤ ùÀ ª � ê� ®� üc Ø Þ î ý� û§�b¤ � Ü �Â õ
� µ êÂ ð Â Ñ ÷¤¢ ý¥Â õ ý� û§�b¤ ö�� � ä� � Ã � ÷ ý¥Â õ

.À÷�ªüõ

ß � � Â �Æ õ ß þÂ �ù� �� î ´ê� þ¤¢ � � ýÃîÂ õ ýùÀ ÷¥�¢Â � (6
Â û ß � � Â �Æ õ ß þÂ �ù� �� î ,� û� ��� ÷ ý¥Â õ ý�û§�b¤
�±¨�½õ �¤ �û����÷ ý�Þû ýc ¥Âõ ý�û§�b¤ ¥� §�b¤ ø¢
Âû ß�� ùÀõ� ´¨¢�� ÀþÀ� Â�Æõ ßþÂ�ù���î ø À�îüõ
ýùÀ÷¥�¢Â� �� �¤ Ri ý����÷ ý¥Âõ ý�û§�b¤ ¥� §�b¤ ø¢

.Àµ¨Âêüõ ô�e i

ÀþÀ� ý�Ü¬�ê ´ê�þ¤¢ �� (1 � i � k) ô�e iýùÀ÷¥�¢Â� (7
ß�� Â�Æõ ßþÂ�ù���î ÂÚþ¢ ¤�� ,¢�¡ ý¥Âõ �û§�b¤ ß��
�±¨�½õ �¤ ¢�¡ ý����÷ öø¤¢ ý�û§�b¤ ¥� §�b¤ ø¢ Âû

.À�îüõ

´¨� ù¢�õ� ÝµÆ�¨ ,©¥�¢Â� Ç�� ý�Ü�Âõ ô�¹÷� ¥� Å�
¼Î¨ ýø¤ ù��¡ñ¢ ý�ÎÖ÷ ø¢ Âû ß� � Â �Æõ ßþÂ �ù� ��î �î

5



� ü±��Â� Ýµþ ¤�Úó� ý¥��õ Ýµþ ¤�Úó� âþÂÆ�
0.4 25.0 sec 16.0 sec 1.56

0.3 65.0 sec 37.0 sec 1.76

0.2 305.0 sec 138.0 sec 2.21

.üê¢�Ê� üú�ø100 ×þ ýø¤ ©¥�¢Â� Ç�� ý�Ü�Âõ ý�Â�� ö�õ¥ :2 ñøÀ�

�bÀ±õ ¯�Ö÷ ö���ä�� üê¢�Ê� ý�ÎÖ÷ �ø¥ 100 ,üú�øÀ��
ö���ä�� �Â�� ö�õ¥ ß�Ú÷� �õ ø âì�ø ��ø§Â� ¢¤�õ ÀÊÖõ ø

.´¨� ùÀª ´±� üþ�ú÷ ý�¹�µ÷

ö�õ¥� ¸þ�µ÷ 2.6

ý��ø§Â� ý�ûÝµ þ¤�Úó� ,Ý þÀþ¢ 4 Ç¿� ¤¢ �î ¤�Ïö�Þû
ý�Ü�Âõ :À�µÆû üÜ¬� ý�Ü�Âõ ø¢ Ûõ�ª Â�Æõ ßþÂ�ù���î
Ýµ þ ¤�Ú ó� ¥� ù¢� Ô µ¨� � � .��ø§Â� ý�Ü�Âõ ø ©¥�¢Â � Ç� �
Âû ý�Â�� ö�õ¥ ö���üõ ùÀ÷¥�¢Â� À�� ¥� ýÂ�ðùÂú� �� ø ý¥��õ

.¢�¢ Çû�î �¤ Û��Âõ ßþ� ¥� ×þ

©¥�¢Â� Ç�� ý�Ü�Âõ 1.2.6

Â� �¤ Ýµþ ¤�Úó� ©¥�¢Â� Ç�� ý�Ü�Âõ ý�Â�� ö�õ¥ 2 ñøÀ�
ý¥��õ ø ü±��Â� ´ó�� ø¢ ¤¢ ,üê¢�Ê� üú�ø100 ×þ ýø¤
üú�øÀ�� ßþ� °þÂÖ� é�Âð .Àû¢üõ ö�È÷ (ùÀ÷¥�¢Â� 4 ��)
Âþ¢�Öõ ý�¥��� ø ùÀª �µ¡�¨ Aleksandrov Ýµþ¤�Úó� §�¨� Â�
� � �î ´¨� üúþÀ� .´¨� �µêÂð ¤�Â ì ö�õ¥� ¢¤�õ �ÓÜµ¿õ
ýø¤ üØÞî ¯�Ö ÷ ¢�Àã � Í¨�µõ ,�°þÂÖ � ý��¤¢ Çû�î
.À �� þü õ Çþ�Ã ê� Ý µ þ ¤� Ú ó� ý�Â �� ö� õ¥ �¹ � µ ÷ ¤¢ ø � ûñ� þ
ö�õ¥ ´±Æ÷ Âðö��� �î 6âþÂÆ� ö�Ã�õ ñøÀ� ßþ� ¤¢ ß��»Þû
,´¨� ý¥��õ Ýµþ ¤�Úó� ý�Â�� ö�õ¥ �� ü±��Â� Ýµþ ¤�Úó� ý�Â��

.´¨� ùÀþ¢Âð Âî£
âþÂÆ� ö�Ã�õ ,¢�ªüõ ùÀû�Èõ 2 ñøÀ� ¤¢ �î ¤�Ï ö�Þû
¢¤�õ üc þ�ú ÷ Àa � �� ø À�� þüõ Çþ�Ãê� ¯�Ö÷ ¢�Àã� Çþ�Ãê� � �
,´¨� 3 Â��Â � ùÀ÷¥�¢Â � 4 ¢��ø Û�ó¢� � �� ßþ� ¤¢ �î ¤�Ñµ ÷�
Â·î�Àa � ,ùÀ÷¥�¢Â� k + 1 ßµª�¢ �� üÜaî ¤�Ï�� .¢�ªüõ ×þ¢Ã÷
,¢¤ø� ´¨¢ �� ©¥�¢Â� Ç�� ý�Ü�Âõ ¥� ö���üõ �î üãþÂÆ�
ñ¢� ± � éÂ¬ � î ý�� � þÃ û � � � �a � � � � � µ ± ó� .´¨� k Â ��Â �
´Æ�÷ ßØÞõ �f Þä k âþÂÆ� ö¢¤ø� ´¨¢ �� ,¢�ªüõ ��ä�Ï�
Çþ�Ãê� ¯�Ö÷ ¢�Àã� ��Âû ,ÝþÀþ¢ 2 ñøÀ� ¤¢ �î ¤�Ïö�Þû üóø
©¥�¢Â� ý��þÃû Û��Öõ ¤¢ ��ä�Ï� ñ¢�±� ý��þÃû ,À��þüõ
Â�×þ¢Ã÷ k ¢Àä �� âþÂÆ� ö�Ã�õ ø ÂÑ÷ éÂ¬ Û��ì ��ä�Ï�

.¢�ªüõ

¥� §�b¤ ø¢ Âû ß� � Â �Æõ ß þÂ �ù� �� î ýÃîÂ õ ýùÀ ÷¥�¢Â �
��a �� �� .À�îüõ ý¤�¢�Ú÷ �¤ �û����÷ ý�Þû ýc ¥Âõ ý�û§�b¤
¤¢ ø O(

p
nm=k) ���� ÷ Âû ý¥Âõ �û§�b¤ ¢�Àã � �î ßþ� � �

ö�Ã � õ ,´¨� O(
p
knm) ý¥Â õ ý�û§�b¤ Ûa î ¢�À ã � �¹ � µ ÷

.´¨� O(knm) ýÃîÂõ ýùÀ÷¥�¢Â � ý�Â � ¥� � ÷¢¤�õ ý�Ñê��
ô�Þ � ß � � Â �Æõ ß þÂ �ù� �� î À þ� � � ûùÀ ÷¥�¢Â � Â þ� ¨ ß� �»Þû
Â û � î��ö�¥� .À � � î ÐÔ� �¤ ¢�¡ ý���� ÷ öø¤¢ ý�û§�b¤
ý�Â� ¥��÷¢¤�õ ý�Ñê�� ý�Ìê ,¢¤�¢ §�b¤ O(nm=k) ����÷

.´¨� O(n2m2

k2
) �ûùÀ÷¥�¢Â� Âþ�¨

ý¥�¨ù¢��� ¸þ�µ÷ 6

ö�õ¥� ø ý¥�¨ù¢��� ¥� Û¬�� ¸þ�µ÷ ü¨¤Â� �� Ç¿� ßþ� ¤¢
.Ýþ¥�¢Â�üõ ,Àª üêÂa ãõ üÜ±ì Ç¿� ¤¢ �î ý¥��õ Ýµþ ¤�Úó�
ÂµÆ� ø ö�õ¥� ýù�½÷ ¢¤�õ ¤¢ �î ü���®Âê �Àµ�� ¤�î ßþ� ý�Â�
ý�¹�µ÷ ö��� �� �õ�¢� ¤¢ ø Ý��îüõ Âî£ ,À÷¤�¢ ¢��ø ö� ý�Â��
�� ´±Æ÷ ö� âþÂÆ� ö�Ã�õ ø ý¥��õ Ýµþ ¤�Úó� ö�õ¥� ¥� Û¬��

.Ýþ¥�¢Â�üõ ü±��Â� Ýµþ ¤�Úó�

ö�õ¥� ���®Âê 1.6

ù¢�Ôµ¨� �� ,¤�¢ö¥ø Â�Æõ ßþÂ�ù���î ßµê�þ ý�Â� ý¥��õ Ýµþ ¤�Úó�
ý� ÷� ¡�� µ î × þ � î ,LAM/MPI ý�� ÷� ¡�� µ î â ��� � ¥�
,´¨� ô��� ñ�¨¤� Â� ü�µ±õ ,��ä�Ï� ñ�Öµ÷� â���� ¥� ¢¤�À÷�µ¨�
ùÀª ý¥�¨ù¢� � � Linux Ûõ�ä Ý µÆ �¨ Í�½õ ¤¢ ø ü��ÂÏ
,ö�õ¥� ¤¢ ù¢�Ô µ¨� ¢¤�õ ø ¢���õ ý�ûùÀ÷¥�¢Â � ¢�Àã� .´¨�
ý�Ñ ê� � ø 233MH ´äÂ ¨ � � ô� � µ � � ýùÀ ÷¥�¢Â � ¤� ú �
´ äÂ ¨ � � ü Ï� ± �¤� Í ¡ × þ Õ þÂ Ï ¥� � î ´ ¨� 64MB

ö� �¥ ¥� ß� �»Þû .À ÷�ùÀª ÛÊµõ ÂÚ þ¢×þ � � 100Mb=s

5
LEDA ý��÷�¡��µî â��� � ýùø�ä�� C++üÆþ� ÷�õ� ÷Â �
ß��»Þû ø é�Âð ø ü¨À�û ý�ûÝµ þ¤�Úó� ý¥�¨ù¢� � � ý�Â �

.´¨� ùÀª ù¢�Ôµ¨� ¥��÷¢¤�õ ý�û¤�µ¡�¨ù¢�¢ ü��ÂÏ
¥� ,Â � Æ õ ß þÂ �ù� �� î ý¥�� õ Ý µ þ ¤� Ú ó� ö� õ¥� ý�Â �
Â û ý�¥�� � .´ ¨� ùÀ ª ù¢� Ô µ ¨� ü ê¢�Ê � ý� ûü ú �øÀ � �

Library of E�cient Datastructures and Algorithms5

Speed Up6

6



� ü±��Â� Ýµþ ¤�Úó� ý¥��õ Ýµþ ¤�Úó� âþÂÆ�
0.4 0.23 sec 0.20 sec 1.15

0.3 0.30 sec 0.23 sec 1.30

0.2 0.67 sec 0.40 sec 1.67

.üê¢�Ê� üú�ø100 ×þ ýø¤ ��ø§Â� ý�Ü�Âõ ý�Â�� ö�õ¥ :3 ñøÀ�
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× þ ý�Â � �¤ � �ø§Â � ý� Ü �Â õ ý�Â �� ö� õ¥ 3 ñøÀ �
4 � �) ý¥�� õ ø ü ± � �Â � ´ ó� � ø¢ ¤¢ ü ê¢�Ê � üú�ø100
¤¢ .À û¢ü õ ö� È ÷ � Ó Ü µ ¿ õ Â þ¢� Ö õ ý�¥�� � ø (ùÀ ÷¥�¢Â �
Â�Æõ ßþÂ�ù���î �î ßþ� Â�ùø�ä ,��ø§Â� ý�Ü�Âõ ý¥�¨ù¢���
üþ�û����÷ ý�û¥Âõ �� t ÀÊÖõ ý�ÎÖ÷ ø s �bÀ±õ ý�ÎÖ÷ ß��
ý�ûùÀ ÷¥�¢Â � ¤¢ ý¥��õ ¤�Ï� � ,À ÷�ùÀª âì�ø ö� ¤¢ t ø s �î
âþÂÆ� �� öÀ�¨¤ ý�Â� ,À÷�ªüõ �±¨�½õ ����÷ ø¢ �� ¯��Âõ
ýùÀ ÷¥�¢Â � Í ¨� � �� ä� Ï� ß þ� ©¥�¢Â � � � ö� õ¥Ý û Â ��� �
ÀÊÖõ ø �bÀ±õ ¯�Ö÷ �� ¯��Âõ ý�ûÂ�Æõ ßþÂ�ù� ��î ,ýÃîÂõ
�ûö� ý�û����÷ �� ¯��Âõ ý�ûùÀ÷¥�¢Â� �� ,ýÀã� ý��ø§Â�
�� ¯��Âõ ���ÜÞä ,�Ñ½ó Âû ¤¢ �f Þä .´¨� ùÀþ¢Âð ¤�Áð�ø
ö�õ¥� ßþ� ¤¢ .´¨� ô�¹÷� ñ�� ¤¢ ö�õ¥Ýû ¤�Ï�� ��ø§Â� ø¢
4 �fä�Þ¹õ) §¤´¨¢ ¤¢ ý�ûùÀ÷¥�¢Â� ´þ¢øÀ½õ �� ��a �� ��
¤�Âì Çþ�õ¥� ¢¤�õ ë�ê À� �� ý¥�¨ý¥��õ ���ÜÞä (ùÀ÷¥�¢Â�
,À�ª�� ¤��µ¡� ¤¢ ýÂ�Ç�� ý�ûùÀ÷¥�¢Â� ��ö��� .´¨� �µêÂð

.¢�¢ Çþ�Ãê� ýÂ�Ç�� ö�Ã�õ �� �¤ ��¥��õ ¼Î¨ ö���üõ

ýÂ�ð�¹�µ÷ 7

ß� � Â �Æõ ßþÂ �ù� �� î ý�� ø §Â� ý�Ü ÿÆõ ,� ó� Ö õ ßþ� ¤¢
¤�Âì ü¨¤Â� ¢¤�õ �¤ ¤�¢ö¥ø üú�øÀ�� ×þ ¼Î¨ ¥� �ÎÖ÷ ø¢
.Ýþ¢�Þ÷ ���¤� �ÜÿÆõ ßþ� Ûa � ý�Â� ý¥��õ Ýµþ ¤�Úó� ×þ ø Ýþ¢�¢
�� ´±Æ÷ �¤ ö� âþÂÆ� ö�Ã�õ ,üÜÞä ¸þ�µ ÷ ü¨¤Â� �� Å³¨

.Ýþ¢Âî ü¨¤Â� ü±��Â� Ýµþ ¤�Úó�
¢�À ã � ß µ ª�¢ ¤� � µ ¡� ¤¢ � � ,À ª Â î£ � î ¤� Ïö� Þ û
¤¢ �¤ Ý µ þ ¤�Ú ó� ��¥�� õ ¼Î¨ ö�� �üõ ,Â �Ç� � ý�ûùÀ ÷¥�¢Â �
ö���üõ �î üþ�û©ø¤ ¥� üØþ .¢�¢ Çþ�Ãê� ��ø§Â� ý�Ü�Âõ
�î ´¨� ßþ� ¢�Þ ÷ ¢�ú ÷Ç�� ¤�Ñ�õ ßþ� � � ü�� þ´¨¢ ý�Â �
ùÀ÷¥�¢Â � À�� � þ ø¢ � � ,×þ ¥� �¤ ýÃîÂõ ý�ûùÀ÷¥�¢Â� ¢�Àã�
¤�Ø�� ø ýÃîÂõ ýùÀ÷¥�¢Â� ýø¤ ¤�î Ýî�Â� ¥� �� Ý�û¢ Çþ�Ãê�
ß��»Þû .Ýþ¤ø� ÛÞä �� ýÂ�ð�Ü� �ûùÀ÷¥�¢Â� Â þ�¨ öÀ÷�õ
¤�Ï�� ,��ø§Â� À�� �� ¯��Âõ ñ�Þä� °�îÂ � � � Ý� ÷�� �üõ
�� ¯��Âõ ��±¨�½õ ô�¹÷� ý�Â� ¤�Ø�� ý�ûùÀ÷¥�¢Â� ¥� ö�õ¥Ýû

.Ý��î ù¢�Ôµ¨� ��ø§Â� À��
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