
Chapter 7

Data Structures for Strings

In this 
hapter, we 
onsider data stru
tures for storing strings; sequen
es of 
hara
ters taken from somealphabet. Data stru
tures for strings are an important part of any system that does text pro
essing,whether it be a text-editor, word-pro
essor, or Perl interpreter.Formally, we study data stru
tures for storing sequen
es of symbols over the alphabet {−1, . . . , N−

1}. We assume that all strings are terminated with the spe
ial 
hara
ter $ = −1 and that $ only ap-pears as the last 
hara
ter of any string. In real appli
ations, strings are not usually over the alphabet
{−1, . . . , N − 1}. Normally they would be ASCII or Uni
ode strings. However, the ASCII and Uni
odealphabets 
an easily be translated into an alphabet of the form {−1, . . . , N − 1}.Storing strings of this kind is very di�erent from storing other types of 
omparable data. On theone hand, we have the advantage that, be
ause the 
hara
ters are integers, we 
an use them as indi
esinto arrays. On the other hand, be
ause strings have variable length, 
omparison of two strings is not a
onstant time operations. In fa
t, 
omparing two strings s1 and s2 takes time O(min(|s1|, |s2|}), where
|s| denotes the length of the string s.
7.1 RopesA 
ommon problem that o

urs when developing, for example, a text editor is how to represent a verylong string (text �le) so that operations on the string (insertions, deletions, jumping to a parti
ularpoint in the �le) 
an be done eÆ
iently. In this se
tion we des
ribe a data stru
ture for just su
h aproblem. However, we begin by des
ribing a data stru
ture for storing a sequen
e of weights.A pre�x tree T is a binary tree in whi
h ea
h node v stores two additional values weight(v) andsize(v). The value of weight(v) is a number that is assigned to a node when it is 
reated and whi
h maybe modi�ed later. The value of size(v) is the sum of all the weight values stored in the subtree rootedat v, i.e., size(v) =

∑

u2T(v)

weight(u) .41



CHAPTER 7. DATA STRUCTURES FOR STRINGS 42It follows immediately that size(v) is equal to the sum of the sizes of v's two 
hildren, i.e.,size(v) = size(left(v)) + size(right(v)) . (7.1)When we insert a new node u by making it a 
hild of some node already in T , the only sizevalues that 
hange are those on the path from u to the root of T . Therefore, we 
an perform su
h aninsertion in time proportional to the depth of node u. Furthermore, be
ause of identity (7.1), if all thesize values in T are 
orre
t, it is not diÆ
ult to implement a left or right rotation so that the size valuesremain 
orre
t after the rotation. Therefore, by using the treap rebalan
ing s
heme (Se
tion 2.2), we
an maintain a pre�x-tree under insertions and deletions in O(logn) expe
ted time per operation.Noti
e that, just as a binary sear
h tree represents its elements in sorted order, a pre�x treeimpli
itly represents a sequen
e of weights that are the weights of nodes we en
ounter while travering
T using an in-order (left-to-right) traversal. Let u1, . . . , un be the nodes of T in left-to-right order. We
an use pre�x-trees to perform sear
hes on the set

W =







wi : wi =

i
∑

j=1

weight(ui)







.That is, we 
an �nd the smallest value of i su
h that wi � x for any query value x. To exe
ute this kindof query we begin our sear
h at the root of T . When the sear
h rea
hes some node u, there are three
ases1. x < weight(left(u)). In this 
ase, we 
ontinue the sear
h in left(u).2. weight(left(u)) � x < weight(left(u)) +weight(u). In this 
ase, u is the node we are sear
hing for,so we report it.3. weight(left(u))+weight(u) � x. In this 
ase, we sear
h for the value x−weight(left(u))+weight(u)in right(u).Sin
e ea
h step of this sear
h only takes 
onstant time, the overall sear
h time is proportionalto the length of the path we follow. Therefore, if T is rebalan
ed as a treap then the expe
ted sear
htime is O(logM).Furthermore, we 
an support Split and Join operations in O(logn) time using pre�x trees.Given a value x, we 
an a pre�x tree into two trees, where one tree 
ontains all nodes ui su
h that
i

∑

j=1

weight(ui) � xand the other tree 
ontains all the remaining nodes. Given two pre�x trees T1 and T2 whose nodes inleft-to-right order are u1, . . . , un and v1, . . . , vm we 
an 
reate a new tree T 0 whose nodes in left-to-rightorder are u1, . . . , un, v1, . . . , vn.Next, 
onsider how we 
ould use a pre�x-tree to store a very long string s = c1, . . . , cM so thatit supports the following operations.



CHAPTER 7. DATA STRUCTURES FOR STRINGS 431. Insert(i, s 0). Insert the string s 0 beginning at position si in the string S, to form a new string
c1, . . . , ci Æ s 0 Æ ci+1, . . . , cM.12. Delete(i, l). Delete the substring ci, . . . , ci+l−1 from S to form a new string c1, . . . , ci−1, ci+l, . . . , cM.3. Report(i, l). Output the string ci, . . . , ci+l−1.To implement these operations, we use a pre�x-tree in whi
h ea
h node u has an extra �eld,string(u). In this implementation, weight(u) is always equal to the length of string(u) and we 
anre
onstru
t the string S by 
on
atenating string(u1) Æ string(u2) Æ � � � Æ string(un). From this it followsthat we 
an �nd the 
hara
ter at position i in S by sear
hing for the value i in the pre�x tree, whi
hwill give us the node u that 
ontains the 
hara
ter ci.To perform an insertion we �rst 
reate a new node v and set string(v) = s 0. We then �ndthe node u that 
ontains ci and we split string(u) into two parts at ci; one part 
ontains ci and the
hara
ters that o

ur before it and the se
ond part 
ontains the remaining 
hara
ters (that o

ur after

ci). We reset string(u) so that it 
ontains the �rst part and 
reate a new node w so that it string(w)
ontains the se
ond part. Note that this split 
an be done in 
onstant time if ea
h string is representedas a pointer and a length.At this point the nodes v and w are not yet atta
hed to T . To atta
h v, we �nd the leftmostdes
endant of right(u) and atta
h v as the left 
hild of this node. We then update all nodes on the pathfrom v to the root of T and perform rotations to rebalan
e T a

ording to the treap rebalan
ing s
heme.On
e v is inserted, we insert w in the same way, i.e., by �nding the leftmost des
endant of right(v).The 
ost of an insertion is 
learly proportional to the length of the sear
h paths for v and w, whi
h are
O(logM) in expe
tation.To perform a deletion, we apply the Split operation on treaps to make three trees. The tree
T1 
ontains c1, . . . , ci−1, the tree T2 
ontains ci, . . . , ci+l−1 and the treap T3 that 
ontains ci+l, . . . , cM.We then use the Merge operation of treaps to merge T1 and T3 and dis
ard T2. Sin
e Split and mergeea
h take O(logM) expe
ted time, the entire delete operation takes in O(logM) expe
ted time.To report the string si, . . . , si+l−1 we �rst sear
h for the node u that 
ontains ci and thentraverse T starting at node u. We 
an then output ci, . . . , ci+l−1 in O(l + logM) expe
ted time bydoing an in-order traversal of T starting at node u. The details of this traversal and its analysis are leftas an ex
er
ise to the reader.
Theorem 17. Ropes support the operations Insert and Delete on a string of length M in
O(logM) expe
ted time and Report in O(l + logM) expe
ted time.
7.2 TriesNext, we 
onsider the problem of storing a 
olle
tion of strings so that we 
an qui
kly test if a querystring is in the 
olle
tion. The most obvious appli
ation of su
h a data stru
ture is in a spell-
he
ker.A trie is a rooted tree T in whi
h ea
h node has somewhere between 0 and N + 1 
hildren.All edges of T are assigned labels in {−1, . . . , N − 1} su
h that all the edges leading the 
hildren of a1Here, and throughout, s1 Æ s2 denotes the 
on
atenation of strings s1 and s2.



CHAPTER 7. DATA STRUCTURES FOR STRINGS 44parti
ular node re
eive di�erent labels. Strings are stored as root-to-leaf paths in the trie so that, if thestring s is stored in T , then there is a leaf v in T su
h that the sequen
e of edge labels en
ountered onthe path from the root of T to v is pre
isely the string s.Implementation-wise, a trie node is represented as an array of pointers of size N+1, whi
h pointto the 
hildren of the node. In this way, the labelling of edges is impli
it, sin
e the ith element of thearray 
an represent the edge with label i − 1. When we 
reate a new node, we initialize all of its N + 1pointers to nil.Sear
hing for the string s of length m in a trie T is a simple operation. We examine ea
h ofthe 
hara
ters of s in turn and follow the appropriate pointers in the tree. If at any time we attemptto follow a pointer that is nil we 
on
lude that s is not stored in T . Otherwise we rea
h a leaf v thatrepresents s and we 
on
lude that s is stored in T . Sin
e the edges at ea
h vertex are stored in an arrayand the individual 
hara
ters of s are integers, we 
an follow ea
h pointer in 
onstant time. Thus, the
ost of sear
hing for s is O(m).Insertion into a trie is not any more diÆ
ult. We simply the follow the sear
h path for s, andany time we en
ounter a nil pointer we 
reate a new node. Sin
e a trie node has size O(N), this insertionpro
edure runs in O(mN) time.Deletion from a trie is again very similar. We sear
h for the leaf v that represents s. On
e wehave found it, we delete all nodes on the path from s to the root of T until we rea
h a node with morethan 1 
hild. This algorithm is easily seen to run in O(mN) time.If a trie holds a set of strings S whi
h have a total length of M then the total size of the trie is
O(MN). This follows from the fa
t that ea
h 
hara
ter of ea
h string results in the 
reation of at most1 trie node.
Theorem 18. Let s be a string of length m. Tries support insertion or deletion of s in O(mN)time and sear
hing for s in O(m) time. If M is the total length of all strings stored in a trie thenthe storage used is O(MN).
7.3 Patricia TreesA Patri
ia tree (or a 
ompressed trie) is a simple variant on a trie in whi
h any path whose interiorverti
es all have only one 
hild is 
ompressed into a single edge. For this to make sense, we now labelthe edges of the trie with strings, so that the string 
orresponding to a leaf v is the 
on
atenation of allthe edge labels we en
ounter on the path from the root of T to v.To implement this idea we make a 
opy of ea
h string s that is inserted into T . To label anedge with some substring of s, we use two pointers to the �rst and last 
hara
ters of the label. Thus,ignoring the 
ost of storing the extra strings, the size of ea
h edge-label is 
onstant.Sear
hing, insertion and deletion in a Patri
ia tree is exa
tly the same as for tries ex
ept forsome minor modi�
ations required for handling the edge labels. The running times of these operationsremain un
hanged.The important di�eren
e between Patri
ia trees and tries is that Patri
ia trees 
ontain no nodes
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hild. Every node is either a leaf or has at least two 
hildren. This immediately impliesthat the number of internal nodes does not ex
eed the number of leaves. Now, re
all that ea
h leaf
orresponds to a string that is stored in the Patri
ia tree so if the Patri
ia tree stores n strings, the totalstorage used by nodes is O(nN). Of 
ourse, this requires that we also store the strings separately at a
ost of O(M)

Theorem 19. Let s be a string of length m. Patri
ia trees support insertion or deletion of s in
O(mN) time and sear
hing for s in O(m) time. If M is the total length of all strings and n is thenumber of all strings stored in a Patri
ia tree then the storage used is O(nN + M).
7.4 Suffix TreesSuppose we have a large body of text and we would like a data stru
ture that allows us to query ifparti
ular strings o

urs in the text. One way to do this is to observe that tries and Patri
ia treesalso allow us to perform pre�x sear
hes, i.e., given a string s that is not terminated with a $, we 
andetermine if s is the pre�x of any string stored in the stru
ture. To do a pre�x sear
h we simply followthe sear
h path for s until we run into a nil pointer or s ends, leaving the sear
h at some vertex v. Inthe former 
ase, s is not a pre�x of anything in the stru
ture. In the latter 
ase, ea
h leaf-des
endant of
v that is leaf represents a string that has s as a pre�x.Given a string t of length M, we 
an insert ea
h of the M suÆxes of t into a Patri
ia tree. We
all the resulting tree the suÆx tree for t. Now, if we want to know if some string s o

urs in t we needonly do a pre�x sear
h for s in the Patri
ia tree. Thus, we 
an test if s o

urs in t in O(|s|) time.What is the storage required by the suÆx tree for T? Sin
e we only insert M suÆxes, the storagerequired by tree nodes is O(MN). Furthermore, re
all that the labels on edges of T are represented aspointers into the strings that were inserted into T . However, every string that is inserted into T is asuÆx of t, so all labels 
an be represented as pointers into a single 
opy of t. Thus, the total storageused by a suÆx tree is O(MN).The 
ost of 
onstru
ting the suÆx tree for t 
an be split into two parts. The 
ost of 
reatingand initializing new nodes, whi
h is 
learly O(MN) be
ause there are only O(M) nodes and the 
ost offollowing paths, whi
h is 
learly O(M2).
Theorem 20. The suÆx tree for a string t of length M 
an be 
onstru
ted in O(MN + M2) timeand uses O(MN) storage. The suÆx tree 
an be used to determine if any string s of length m isa substring of t in O(m) time.We remark that the 
onstru
tion time in Theorem 20 is non-optimal. Referen
es to O(n) timesuÆx tree 
onstru
tion algorithms are given in Se
tion ??.
7.5 Suffix Arrays*The suÆx arrayA1, . . . , AM of a string t = t1, . . . , tM lists the suÆxes of t in lexi
ographi
ally in
reasingorder. That is, Ai is the index su
h that tAi

, . . . , tm has rank i among all suÆxes of A. SuÆx arraysare a more spa
e-eÆ
ient alternative to suÆx trees.



CHAPTER 7. DATA STRUCTURES FOR STRINGS 46Given a suÆx-array A = A1, . . . , AM for t and a query string s one 
an do binary sear
h in
O(|s| logM) time to determine whether s o

urs in t; binary sear
h uses O(logM) 
omparison and ea
h
omparison takes O(|s|) time. However, by being a little more sophisti
ated we 
an do better than this.[Eventually we will des
ribe the O(|s| + logM) time sear
h algorithm and K�arkk�ainen andSanders O(M + N) time 
onstru
tion algorithm.℄
Theorem 21. The suÆx array for a string t of length M 
an be 
onstru
ted in O(M + N) timeand uses O(M) storage. The suÆx array 
an be used to determine if any string s is a substringof t in O(|s| + logM) time.
7.6 Ternary TriesThe last three se
tions dis
ussed data stru
tures for storing strings where the running times of theoperations were independent of the number of strings a
tually stored in the data stru
ture. This is notto be underestimated. Consider that, if we store the 
olle
ted works of Shakespeare in a suÆx tree, itis possible to test if the word \warble" appears anywhere in the text by following 7 pointers.This result is possible be
ause the individual 
hara
ters of strings are used as indi
es intoarrays. Unfortunately, this approa
h has two drawba
ks: The �rst is that it requires that the 
hara
tersbe integers. The se
ond is that N, the size of the alphabet be
omes a fa
tor in the storage and runningtime. To avoid having N play a role in the running time, we 
an restri
t ourselves to algorithms thatonly perform 
omparisons between 
hara
ters. One way to do this would be to simply store our stringsin a binary sear
h tree, in lexi
ographi
 order. Then a sear
h for the string s 
ould be done with O(logn)string 
omparison, ea
h of whi
h takes O(|s|) time, for a total of O(|s| logn).Another way to redu
e the dependen
e on N is to store 
hild pointers in a binary sear
h tree.A ternary trie is a trie in whi
h pointers to the 
hildren of ea
h of node v are stored in a binary sear
htree. If we use a balan
ed binary sear
h trees for this, then it is 
lear that the insertion, deletion andsear
h times for the string s are O(|s| logN). If N is large, we 
an do signi�
antly better than this, byusing a di�erent method of balan
ing our sear
h trees.Note that a ternary trie 
an be viewed as a single tree in whi
h ea
h node has up to 3 
hildren(hen
e the name). Ea
h node v has a left 
hild, left(v), a right 
hild, right(v), a middle 
hild, mid(v),and is labelled with a 
hara
ter, denoted m(v). A root-to-leaf path P in the tree 
orresponds to exa
tlyone string, whi
h is obtained by 
on
atenating the 
hara
ters m(v) for ea
h node v whose su

essor in
P is a middle 
hild.Now, suppose that every node v of our ternary trie has the balan
e property |L(right(v))| �
|L(v)|/2 and |L(left(v))| � |L(v)|/2, where L(v) denotes the set of leaves in the subtree rooted at v.Then the length of any root-to-leaf path P is at most O(|s| + logn) where |s| is the length of the stringrepresented by P. This is easy to see, be
ause every time the path traverses an edge represented bya mid pointer the number of symbols in s that are unmat
hed de
reases by one and every time thepath traverses an edge represented by a left or right pointer the number of leaves in the 
urrent subtreede
reases a fa
tor of at least 1/2.
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onstru
ting a ternary trie with the above balan
e property is easilydone. We �rst sort all our input strings and then look at the �rst 
hara
ter, m, of the string whose rankis n/2 in the sorted order. We then 
reate a new node u with label m to be the root of the ternary trie.We 
olle
t all the strings that begin with m, strip o� their �rst 
hara
ter, and re
ursively insert theseinto the middle 
hild of u. Finally, we re
ursively insert all strings beginning with 
hara
ters less than
u in the left 
hild of u and all strings beginning with 
hara
ters greater than u in the right 
hild of u.Ignoring the 
ost of sorting and re
ursive 
alls, the above algorithm 
an easily be implemented torun in O(n 0) time, where n 0 is the number of strings beginning with m. However, during this operation,we strip o� n 0 
hara
ters from strings and never have to look at these again. Therefore the total runningtime, in
luding re
ursive 
alls, is not more than O(M).
Theorem 22. After sorting the input strings, a ternary trie 
an be 
onstru
ted in O(M) time and
an sear
h for a string s in O(|s| + logn) time.[Show how to make suÆx trees dynami
, using randomization.℄
7.7 Quad-TreesAn interesting generalization of tries o

urs when we want to store two (or more) dimensional data.Imagine that we want to store real values in the unit square [0, 1)2, where ea
h point (x, y) is representedby two binary strings x1, x2, x3, . . . and y1, y2, y3, . . .where xi (respe
tively yi) is the ith bit in the binaryexpansion of x (respe
tively, y). When we 
onsider the most-signi�
ant bits of the binary expansion of
x and y, four 
ases 
an o

ur:

(x, y) =
(.0 . . . , .1 . . .) (.1 . . . , .1 . . .)

(.0 . . . , .0 . . .) (.1 . . . , .0 . . .)Thus, it is natural that we store our points in a tree where ea
h node has up to four 
hil-dren. In fa
t, if we treat (x, y) as the string (x1, y1)(x2, y2)(x3, y3), . . . , over the alphabet Σ =

{(0, 0), (0, 1), (1, 0), (1, 1)} and store (x, y) in a trie then this is exa
tly what happens. The tree thatwe obtain is 
alled a quad tree.Quad trees have many appli
ations be
ause they preserve spatial relationships very well, mu
hin the way that tries preserve pre�x relationships between strings. As a simple example, we 
an 
onsiderqueries of the form: report all points in the re
tangle with bottom left 
orner [.0101010, .1111110]and top right 
orner [.0101011, .1111111]. To answer su
h a query, we simply follow the path for
(0, 1)(1, 1)(0, 1)(1, 1)(0, 1)(1, 1) in the quadtree (trie) and report all leaves of the subtree we �nd.Quadtrees 
an be generalized in many ways. Instead of 
onsidering binary expansions of the xand y 
oordinates we 
an 
onsider m-ary expansions, in whi
h 
ase we obtain a tree in whi
h ea
h nodehas up to m2 
hildren. If, instead of points in the unit square, we have points in the unit hyper
ube in
R

d then we obtain a tree in whi
h ea
h node has 2d 
hildren. If we use a Patri
ia tree in pla
e of a triethen we obtain a 
ompressed quadtree whi
h, like the Patri
ia tree uses only O(n + M) storage where
M is the total size of (the binary expansion of) all points stored in the quadtree.
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7.8 Discussion and ReferencesPre�x-trees seem be part of the 
omputer s
ien
e folklore, though they are not always implementedusing treaps. The �rst do
umented use of a pre�x-tree is un
lear.Ropes (sometimes 
alled 
ords) are des
ribed by Boehm et al [3℄ as an alternative to stringsrepresented as arrays. They are so useful that they are now part of the C++ Standard Template Library[?℄. Tries, also known as digital sear
h trees, have a very long history. Knuth [7℄ is a good resour
eto help unravel some of history history. Patri
ia trees were des
ribed and given their name by Morrison[10℄. PATRICIA is an a
ronym for Pra
ti
al Algorithm To Retrieve Information Coded In Alphanumeri
.SuÆx trees were introdu
ed by Weiner [14℄, who also showed that, if N, the size of the alphabet,is 
onstant then there is an O(M) time algorithm for their 
onstru
tion. Sin
e then, several othersimpli�ed O(M) time 
onstru
tion algorithms for suÆx trees have been presented [4, 8℄. Re
ently,Fara
h [5℄ gave an O(M) time algorithm for the 
ase where N is as large as M, the length of the string.Ternary tries also have a long history, dating ba
k at least until 1964, when Clampett [6℄suggested storing the 
hildren of trie nodes in a binary sear
h tree. Mehlhorn [9℄ shows that ternarytries 
an be rebalan
ed so that insertions and deletions 
an be done in O(|s| + logn) time. Sleatorand Tarjan [12℄ showed that, if the splay heuristi
 (Se
tion 6.1) is applied to ternary tries, then the
ost of a sequen
e of n operations involving a set of strings whose total length is M is O(M + n logn).Furthermore, with splaying, a sequen
e of n sear
hes 
an be exe
uted in O(M+nH) time, where H is theempiri
al entropy (Se
tion 5.1) of the a

ess sequen
e. Vaishnavi [13℄ and Bentley and Saxe [1℄ arrivedat ternary tries through the geometri
 problem of storing a set of ve
tors in d-dimensions. Finally,ternary tries were re
ently revisited by Bentley and Sedgewi
k [2℄.Samet's books [11, ?, ?℄ provide an en
y
lopedi
 treatment of quadtrees and their appli
ations.
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