
Chapter 12

Saving Space

Most of the data stru
tures presented in this text have fast update and query times (often O(logn)) andfast 
onstru
tion times (often O(n logn)). This means that, in pra
ti
e, the size of these data stru
turesis not limited by running time, but rather by the amount of available memory.1 In this 
hapter, we
onsider some of the te
hniques used to keep memory requirements as small as possible.Until now, we have des
ribed the spa
e of data stru
tures in terms of the number of dataelements and pie
es of bookkeeping information. For example, when we say that a data stru
ture hassize O(n), we mean that it stores O(n) data items as well as O(n) pointers, integers, 
oating pointnumbers, and so on. To give a more pre
ise dis
ussion of spa
e requirements, we need to re�ne thismodel. Let N be a global upper bound on n, the number of data items stored in any data stru
ture atany point in time. For example, N might be the size of the main memory in the 
omputer. De�ne amemory unit as dlogNe bits, so that a single memory unit 
an store a pointer to any memory lo
ation,or an integer in the range {0, . . . , 2N − 1}. Our data stru
tures store opaque data items, where ea
h dataitem o

upies w memory units. Our data stru
tures 
an allo
ate a blo
k of memory of any size k � 1,whi
h is an array of k memory units as well as O(1) additional memory units of bookkeeping information.A data stru
ture 
an deallo
ate a previously allo
ated blo
k by giving a pointer to the blo
k. In additionto allo
ated blo
ks, the data stru
ture 
an have O(1) memory units of stati
 information that does notneed to be allo
ated. At any point in time, thememory usage of a data stru
ture D, whi
h has 
urrentlyallo
ated (but not yet deallo
ated) blo
ks of sizes N1, . . . , Nm is
M(D) = O(m + 1) +

m∑

i=1

Ni . (12.1)We say that the overhead of a data stru
ture D that is 
urrently storing n data items is
M(D) − nw. That is, the overhead is any memory usage beyond the minimum required to store n dataitems. The memory overhead of data stru
ture D is f(n) if, at any time i that the data stru
ture stores1A
tually, in pra
ti
e it will appear as if the data stru
ture be
omes in
redibly slow on
e its size gets too large. Thisis due to the fa
t that modern operating systems will attempt to simulate a large internal (RAM) memory by using slowexternal (disk) memory. 60
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ni elements, M(D) − niw � f(ni). In this 
hapter, we study data stru
tures that attempt to keep theoverhead as small as possible while still being fast. Before we begin des
ribing data stru
tures, we �rstgive a lower-bound on how low we 
an expe
t to keep the overhead.Suppose we have a data stru
ture D that supports the insert operation. That is, individual dataitems 
an be added to D. The following informal argument shows that D must have memory overhead
M(D) = Ω(

p
n). Consider a sequen
e of n insert operations beginning with an initially empty stru
ture.Suppose D uses k memory blo
ks, the largest of whi
h has size sw. In order to store all n elements, itmust be that s� k � n, so at least one of s or k is at least pn. If k is is greater than p

n, then we aredone, sin
e ea
h memory blo
k has a 
onstant overhead, so the overhead is Ω(
p

n). On the other hand,if s � p
n, then there is some blo
k B of size at least w

p
n. Immediately after B was allo
ated, it didnot 
ontain any data elements, so at that point in time, the memory overhead was Ω(w

p
n). Therefore

D will, at some point during a sequen
e of n insert operation, have a memory overhead of Ω(
p

n), sothe memory overhead of D is Ω(
p

n).
12.1 Resizeable ArraysArrays are a fundamental data stru
ture that have myriad appli
ations be
ause (a) they allow 
onstanttime a

ess to any element through its index and (b) they are the most 
ompa
t method of storing aset of homogeneous elements. In most programming languages, the size of an array is determined at thetime it is allo
ated and this size 
an not be in
reased or de
reased later.An extension of arrays that allows for dynami
 resizing has be
ome known as ve
tors. A ve
tor
V = hV [0], . . . , V [n − 1]i supports the operations of reading or writing V [i] for any i 2 {0, . . . , n − 1}and growing V (in
rementing n) or shrinking V (de
rementing n). All these operations take 
onstant(amortized) time.The 
lassi
 method of implementing a ve
tor is as follows: We maintain an array A of size
n 0 � n, where A[i] stores the value of V [i]. When the size of n 0 = n and the user in
rements n, a newarray A 0 is allo
ated of size 2n 0, the n elements of A are 
opied into the �rst n elements of A 0, and then
A is dis
arded. To avoid a situation where A be
omes mu
h bigger than ne
essary, any time n < n 0/3,the size of A is halved by allo
ating an array A 0 of size n/2, 
opying the n elements of A into A 0 anddis
arding A. Noti
e that, between any two resizing operations, Ω(n) growing or shrinking operationshave o

urred so the amortized 
ost of growing and shrinking is O(1). The 
ost of reading and writingis O(1) sin
e the ve
tor item V [i] is simply stored in A[i].The problem with the 
lassi
 solution is that it is wasteful. Immediately after allo
ating A 0,half of the array A 0 is unused. In fa
t, during the growing pro
ess, A and A 0 are using 3n memory 
ellsto store only n elements. In some appli
ations, this 
an pose a severe limitation on the amount of datathat 
an be pro
essed. Of 
ourse, rather than doubling or halving the size of A during ea
h reallo
ation,we 
ould multiply or divide the size of A by (1 + ǫ) for any ǫ > 0, so that the wasted spa
e is only ǫn.Nevertheless, there will always be the problem that, during the reallo
ation pro
ess, a working spa
e ofsize (2 + ǫ)n is required.Next we present a ve
tor implementation in whi
h there is never more than O(

p
n) wastedspa
e. The ve
tor V is represented as a 
olle
tion of blo
ks A1, . . . , Ak. The blo
k Ai is an array oflength i, so the total amount of available spa
e is ∑k

i=1 i = k(k + 1)/2. In parti
ular, to represent a
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Figure 12.1: A ve
tor V represented as a sequen
e of blo
ks. The element V [13] is shown in gray(i 0 = dp2i + 1/4 − 1/2e = 5, i 00 = 13 − (i 0(i 0 − 1))/2 = 3).ve
tor of length n we only need k = dp2n + 1/4 − 1/2e = O(
p

n) blo
ks, the largest of whi
h has size
k = O(

p
n). To keep tra
k of the blo
ks, we use another ve
tor B of size k where B[i] is a pointer toblo
k Ai. The ve
tor B is maintained using the 
lassi
 implementation of ve
tors des
ribed above.In this implementation, growing or shrinking V is straightforward. To grow V , we 
he
k if

n + 1 > k(k + 1)/2 and, if so, in
rement k and add a new blo
k. To shrink V , we 
he
k if k − 2 >dp2n + 1/4 − 1/2e and, if so, we free the blo
k Ak and de
rement k. These rules guarantee that thenumber of grow and shrink operations that o

ur between the allo
ation/freeing of two blo
ks is Ω(k)and the number of empty blo
ks is never more than 2. Thus, the grow and shrink operations take
onstant amortized time and the amount of spa
e not dedi
ated to data is O(k) = O(
p

n(w + 1)).See Figure 12.1. To a

ess V [i], we 
ompute i 0 = dp2n + 1/4 − 1/2e. Then B[i 0] is a pointer tothe blo
k Ai 0 
ontaining V [i], and V [i] is at index i 00 = i − (i 0(i 0 − 1)/2) within Ai 0 . Thus, V [i] 
an beread or written in 
onstant time provided that we 
an 
ompute i 0 eÆ
iently.Unfortunately, 
omputing i 0 involves the 
omputation ofp2i + 1/4, whi
h is may be irrational.Lu
kily, we 
an rewrite i 0 as i 0 = ddp8i + 1 + 1e/2e. Still, most 
omputer ar
hite
tures do not providefor 
onstant-time square root 
omputations, even if we only want the integer part of the square root.Therefore, we show how these operations 
an be implemented by table lookup into a table of size O(
p

i).Let x be an integer with 2r−1 � x < 2r, so that x is represented using r bits. Computing dpxeis too hard, so instead, we will use a lookup table to 
ompute dpx 0e, where
x 0 = bx/2br/2

 � 2br/2
 .That is, x 0 is obtained by setting the br/2
 lower-order bits of x to 0. Noti
e that there are only 2dr/2epossible di�erent values of x 0, so these 
an be stored in an array Tr of size 2dr/2e, where
Tr

h
x 0/2br/2
i = dpx 0e .All that remains is to show how we 
an determine dpxe given dpx 0e. To do this, we will show thatthese two quantities di�er by at most 1. To see this, �rst observe that x 0 � x −

p
x and 
onsider that,for any x � 1, p

x −

q
x −

p
x � 1 .(This is easily proven by squaring both sides of the inequality px − 1 �px −

p
x.) Therefore,p

x −
p

x 0 � 1



CHAPTER 12. SAVING SPACE 63so that dpxe is either dpx 0e or dpx 0e+1. That is, we 
an 
ompute dpxe from dpx 0e using the 
onditionalassignment dpxe =

{ dpx 0e + 1 if (dpx 0e + 1)2 � xdpx 0e otherwise.At this point, it looks like the problem is 
ompletely solved. However, we have 
reated another problemto over
ome; knowing whi
h table Tr to look in to 
ompute dpxe involves 
omputing r = blogx
 + 1.Note that r is simply the index of the most signi�
ant 1 bit in x. Many 
omputers have a hardwareinstru
tion for 
omputing this index. For those 
omputers that don't, or those programming languagesthat don't o�er a

ess to this instru
tion, we 
an use another lookup table. For any number x that 
anbe represented using b bits, we use a table L of size 2db/2e. The table stores the value L[i] = blog i
, forall i 2 {0, . . . , 2db/2e}. We 
an then 
ompute blog x
 in 
onstant time using the formulablogx
 =

{
L[x] if x < 2db/2edb/2e+ L[bx/2db/2e
] otherwise.Sin
e the point of this entire exer
ise was to implement ve
tors without too mu
h wasted spa
e,we now analyze the spa
e requirements of the tables T1 . . . , Tb and L. These tables must be able tohandle all query values x � n. That is, they must handle b-bit integers for b = dlogne, so the table Lhas size O(2b/2) = O(

p
n). The tables Tr, for r = 1, . . . , b have total size

b∑

i=1

O(2i/2) = O(2b/2) = O(
p

n) .thus, the tables only 
ontribute an additional O(
p

n) to the spa
e requirements of the ve
tor. As thevalue of n in
reases or de
reases, new tables Tr 
an be 
reated and deleted as ne
essary and the sizeof L 
an be in
reased or de
reased as ne
essary. We leave it to the reader to verify that this does notin
rease the amortized 
ost of growing and shrinking the ve
tor V .
Theorem 26. There exists a ve
tor data stru
ture supporting, read, write, grow, and shrinkoperations in O(1) amortized time per operation and whose size, when storing n elements of size
w is nw + O(

p
n(w + 1)).

12.2 Putting a Dictionary on a DietA di
tionary is one of the most 
ommonly used data stru
tures, and this book 
ontains several imple-mentations of di
tionaries in
luding treaps, skiplists, splay trees, s
apegoat trees, and power trees. Inall of these implementations, ea
h data item is stored in a node, whi
h is a dynami
ally allo
ated blo
k,that also 
ontains one or more pointers. Therefore, the memory overhead asso
iated with ea
h of theseimplementations is at least cn for some 
onstant c, and usually c � 3. If data items are simple (su
has integers in the range {0, . . . , N}) so that w = 1 then this means that most of the memory usage isa
tually memory overhead. If the amount of available memory is N, this implies that the data stru
tureis limited to storing N/(c + 1) items so, obviously, we would like to make c as small as possible.In this se
tion, we dis
uss a pra
ti
al tri
k for redu
ing the storage overhead asso
iated withdi
tionaries. The basi
 idea behind this tri
k is to not store individual elements in the di
tionary, butrather to store blo
ks of b� 1 
onse
utive elements 
alled 
hunks. Let D be a di
tionary data stru
turethat has 
osts of S(n), I(n) and D(n) for sear
hing, inserting, and deleting, respe
tively, in a set of size
n, and assume that D has a memory overhead of at most cn when storing n elements.
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a b c f g h i j k l mn o p q r s t u

a b c f g h i j k l mn o p q r s t ud

a b c d e f g h i j k l m n o p q r s t uFigure 12.2: Two insertions with a 
hunk size of b = 4. When inserting d, the elements are shiftedamong existing 
hunks. When inserting e, a new 
hunk is 
reated.We will use D to store 
hunks, where a 
hunk 
onsists of an array of size b + 1, a 
ounter thatindi
ates whether the 
hunk 
ontains b − 1, b, or b + 1 elements, and two pointers to the previous andnext 
hunk. Noti
e that the size of a 
hunk is therefore (b+ 1)w+O(1). Furthermore, sin
e ea
h 
hunk
ontains at least b−1 elements, the total memory overhead for storing n elements is O(n(1+w)/(b−1)).By in
reasing b, we 
an make the overhead as small as we like.The elements stored in a 
hunk are kept in sorted order and previous and next pointers are usedto link all 
hunks into a doubly-linked list that keeps all elements in order. Note that a data element x
an be 
ompared to a 
hunk B in the following way: To test if x < B, we 
ompare x to the �rst elementof B. To test if x > B we 
ompare x to the last element of B. Otherwise, we use the 
onvention that
x = B. In order to never have a 
hunk with fewer than b − 1 elements, our di
tionary will always store
b dummy elements, bb/2
 of whi
h have the value −∞ and db/2e of whi
h have the value +∞.To sear
h for an element x in D, we perform a sear
h in D for x in order to �nd a 
hunk B su
hthat x = B. The use of the dummy elements guarantees that su
h a 
hunk exists. We then performbinary sear
h in the 
hunk B to �nd x. This takes O(S(n/b) + logb) time.Refer to Figure 12.2. To insert an element x into D we �rst �nd the 
hunk B su
h that x = B.Next, we examine up to b 
hunks in the neighbourhood around B using the next and previous pointers.If any of these have fewer than b + 1 elements then by shifting elements between these 
hunks we 
anmake room for x without 
reating any new 
hunks. Otherwise, we have found b 
onse
utive 
hunks,ea
h of whi
h 
ontains b+1 elements. By shifting elements amongst these 
hunks, we 
an 
onvert theminto b + 1 
hunks, ea
h of whi
h 
ontains b elements, and insert x into the appropriate 
hunk. At thispoint, we have an extra 
hunk that needs to be inserted into D, and we do so. The shifting of elementsamong the b 
hunks takes O(wb2) time. Therefore the 
ost of insertion, if we ignore the 
ost of �nding
B, is O(S(n/b) + I(n/b) + wb2).To delete an element x from D, we �nd the 
hunk B that 
ontains x. We then sear
h thesurrounding B 
hunks to see if any of them 
ontains more than b − 1 elements. If so, by shiftingelements we 
an remove x from B and still maintain the invariant that all 
hunks 
ontain at least b − 1elements, and not have to delete any 
hunks from D.Otherwise, we have found b 
onse
utive 
hunks, ea
h of whi
h 
ontains b − 1 elements. Byshifting elements among these 
hunks we 
an 
onvert them into b−1 
hunks, ea
h 
ontaining b elements,and one empty 
hunk. We then remove x from the 
hunk that 
ontains it and delete the empty 
hunkfrom D. Again, the manipulations on the b 
hunks 
an easily be done in O(wb2) time so the 
ost of
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ost of �nding B, is O(S(n/b) + D(n/b) + wb2)).Noti
e that most of the time we 
an expe
t that insertion or deletion 
an be done only bymanipulating 
hunks, without a�e
ting the data stru
ture D. We 
an make this intuition pre
ise byusing amortized analysis. De�ne the potential Φ(B) of a 
hunk B as
Φ(B) =






0 if B 
ontains b elements
1
b
I(n/b) if B b+1 elements

1
b
D(n/b) if B b-1 elementsWe de�ne the potential of D as the sum of the potentials of its 
hunks.We only analyze the amortized 
ost of insertion, sin
e the analysis of deletion is exa
tly thesame. During an insertion there are two 
ases to 
onsider. If no new 
hunk is 
reated during theinsertion, then the real 
ost of the insertion is O(wb2) and the potential in
reases by at most 1

b
I(n/b),for an amortized 
ost of O(S(n/b)+ 1

b
I(n/b)+wb2). If a new 
hunk is 
reated, then the real 
ost of theinsertion is O(S(n/b) + I(n/b) + wb2). However, in this 
ase, the potential de
reases by (1 − 1

b
)I(n/b)sin
e b 
hunks go from having potential 1

b
I(n/b) to having potential 0. Therefore, in this 
ase, theamortized 
ost of insertion is also

O

�
S(n/b) + I(n/b) + wb2 −

�
1 −

1

b

�
I(n/b)

�
= O

�
S(n/b) +

1

b
I(n/b) + wb2

�
.Thus, in either 
ase, the amortized 
ost of insertion is at most O(S(n/b) + 1

b
I(n/b) + wb2).

Theorem 27. Given a 
omparison-based di
tionary data stru
ture D with sear
h 
ost S(n), inser-tion 
ost I(n) and deletion 
ost D(n) and that has memory overhead cn, there exists a 
omparison-based di
tionary data stru
ture D 0 with1. memory overhead M(D 0) = O(n(w + c + 1)/b),2. sear
h 
ost S 0(n) = O(S(n/b) + logb),3. amortized insertion 
ost I 0(n) = O(S(n/b) + 1
b
I(n/b) + wb2), and4. amortized deletion 
ost D 0(n) = O(S(n/b) + 1

b
D(n/b) + wb2)Note that the 
hunk size b need not be 
onstant. An interesting 
hoi
e o

urs when the runningtimes of operations on D are O(logn) and we take b =
plogn. In this 
ase, we get a di
tionary D 0 with

O(logn) time for all operations and with a sublinear memory overhead of O(n(w + 1)/
plogn).

12.3 Suboptimal Implicit DictionariesAny textbook on data stru
tures will 
ontain the two 
lassi
s: the priority queue and the di
tionary. The
lassi
 implementation of a priority queue that 
ontains a maximum of n elements uses a binary heapwhose elements are stored in an array of size n. By using a simple 
al
ulation to determine parent/
hildrelationships, this implementation entirely avoids the need for pointers while still supporting the 
lassi
priority queue operations in O(logn) time. If, instead of an array, we use the spa
e-eÆ
ient ve
tor
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tion 12.1, then we obtain a priority queue data stru
ture with no upper boundon its size, that supports all operations in O(logn) time, and whose memory overhead is O(
p

n(w+ 1))where n is the 
urrent size of the priority queue.The obvious question now is whether or not a di
tionary 
an be implemented as eÆ
iently. Theprevious se
tion showed how a di
tionary data stru
ture 
an be made to have a memory overhead of
O(n(w + 1)/

plogn) while still maintaining logarithmi
 time per operation. In this se
tion we showthat, if all elements stored in the di
tionary are distin
t then the spa
e overhead 
an be redu
ed to
O(

p
n(w + 1)) while still maintaining fast (but not O(logn)) sear
h time. More spe
i�
ally, we willshow how to implement a di
tionary that support insertion, deletion, and sear
hing in O(log2 n) andthat has a memory overhead of O(

p
n(w + 1)).The stru
ture depends on an en
oding tri
k that hides information in 
hunks, and this tri
krequires that all the keys in the di
tionary be distin
t. Ignore for the time-being that the number, n, ofelements in the di
tionary 
hanges over time and 
hoose the 
hunk size b = dc logne for some 
onstant

c. In the previous implementation of di
tionaries, the elements within a 
hunk are stored in sortedorder. By relaxing this just a little, we 
an en
ode b(b − 1)/2
 bits of information within any 
hunk.Consider the elements at indi
es 2i and 2i+ 1 within a 
hunk. By storing these elements in order or outof order we 
an en
ode a 0 or a 1, respe
tively. Doing this for ea
h i 2 {0, . . . , b(b − 1)/2
− 1} allows usto en
ode Θ(c logn) bits but still keeps the 
hunk \sorted-enough" that we 
an still a

ess the elementthat should be at any position j within the 
hunk by examining the elements at positions 2bj/2
 and
2bj/2
+ 1. Furthermore, ea
h en
oded bit is easily read and/or modi�ed in 
onstant time by looking attwo elements of the 
hunk.What should we do with these extra bits that we 
an en
ode? The answer is that we shoulduse them to en
ode pointers and any other data asso
iated with a node. Re
all that the 
hunks arelinked into a doubly-linked list and are also part of some di
tionary. Assume that the di
tionary isimplemented as some kind of balan
ed binary sear
h tree in whi
h ea
h node maintains pointers to itstwo 
hildren and its parent. Therefore, ea
h 
hunk has O(1) pointers and auxiliary data2 asso
iatedwith it. Rather than store these pointers and auxiliary data expli
itly, we 
an en
ode them within the
hunk, provided that c is large enough.What remains is to show how the 
hunks are stored and managed. The 
hunks are stored inthree ve
tors V−1, V0 and V+1, where Vi, i 2 {−1, 0, +1}, stores all 
hunks that 
ontain b+ i data items.To perform a sear
h for a key k in this impli
it di
tionary, we start at the root 
hunk B and 
ompare kto B. If k 6= B then the sear
h pro
eeds in one of B's 
hildren and we determine the lo
ation of this 
hildby de
oding the bits of B. Thus, one sear
h step in this stru
ture takes O(b) time, for a total sear
htime of O(b logn).During an update (insert or delete) operation, up to b + 1 
hunks are modi�ed, whi
h mayrequire them to move between ve
tors. To move a 
hunk B from Vi to Vj we swap B with the last 
hunk
B 0 in Vi, grow Vj, append B to Vj, and shrink Vi. During this pro
ess, it is important that we updateall elements that point to B and B 0 so that they point to the new lo
ations of B and B 0. This is easy todo sin
e ea
h 
hunk keeps tra
k of its two 
hildren, its parent, and its neighbours in the doubly-linkedlist of 
hunks. So, moving a 
hunk requires updating of O(1) other 
hunks and 
an therefore be done in
O(b) time. Sin
e we may do this for at most b + 1 
hunks, the manipulations of 
hunks that take pla
eduring an update 
an be done in O(b2) time.2For example, if D is a red-bla
k tree then the auxiliary data 
onsists of a single bit.



CHAPTER 12. SAVING SPACE 67By 
hoosing b = c logn for suÆ
iently large 
onstant c, we get O(log2 n) sear
h time and
O((w+1) log2 n) update time. Thus far, we have glossed over the fa
t that the value of n (and therefore
b) is 
hanging over time. The usual tri
k to deal with this type of problem is to use some value
n 0 = Θ(n) and rebuild the entire stru
ture whenever n 0 di�ers from n by more than a 
onstant fa
tor.Unfortunately, this standard solution is problemati
 sin
e, unless we are extremely 
areful, it requires usto manipulate the elements in pla
e in order to avoid having both the new and old stru
ture in memoryat the same time.Lu
kily, there is an elegant solution to this problem. Partition the stru
ture into t = O(log logn)substru
tures, D1, . . . , Dt, where Di, for ea
h i 2 {1, . . . , t − 1}, 
ontains exa
tly 22i elements and Dt
ontains the remaining elements. The data stru
tures D1, . . . , Dt are stored in ve
tors Vi,−1, Vi,0 and
Vi,+1. When ne
essary, we in
rease or de
rease the value of t, thereby 
reating or deleting 3 ve
tors,as n in
reases or de
reases. Another ve
tor, of length 3t is used to maintain pointers to Vi,j, for ea
h
i 2 {1, . . . t} and j 2 {−1, 0, +1}.Noti
e that, sin
e Di 
ontains at most 22i elements and these are pa
ked into a ve
tor of length
22i , the pointers in Di 
an be repla
ed with indi
es of length log 22i

= 2i. Therefore, the data stru
ture
Di 
an use a 
hunk size of bi = c2i for a suÆ
iently large 
onstant c. In this way, the 
hunk size isalways large enough to en
ode any ne
essary pointers, and is always bounded by O(logn) where n isthe number of items 
urrently stored in the stru
ture.To sear
h for a key x we sear
h in ea
h of D1, . . . , Dt. To insert a key x we insert x into Dt. Todelete a key x we delete it from the stru
ture Di that 
ontains it and then delete any element y from
Dt and insert y into Di. In this way, the 
ost of inserting and deleting is bounded by O(log2 n) and the
ost of sear
hing is bounded by

t∑

i=1

log2 22i

=

t∑

i=1

22i = O(22 log logn) = O(log2 n) .In terms of memory overhead, a ve
tor of length O(log logn) is used to store pointers to ea
h Di,j, andea
h Di, for i < t, has a memory overhead of O(
p

22i

), for a total memory overhead of
O(log logn) +

t−1∑

i=1

O(
p

22i

(w + 1)) + O(
p

n(w + 1)) = O(
p

n(w + 1))

Theorem 28. There exists a 
omparison-based di
tionary data stru
ture that supports insertion,deletion, and sear
hing in O(log2 n) amortized time per operation and has a memory overhead of
O(

p
n(w + 1)) when storing n data items ea
h of size w.

12.4 Discussion and ReferencesSu

in
t and impli
it data stru
tures started out with the pra
ti
ally-motivated problem of minimizingwasted memory in implementations of data stru
tures, but has be
ome a highly te
hni
al �eld. Manyof the su

in
t and impli
it data stru
tures presented in the literature are mainly of theoreti
al interestbe
ause of both high implementation 
omplexity and hidden 
onstants in the running times. This
hapter attempts to be pragmati
 by illustrating the 
ommonly-used te
hniques that give eÆ
ient datastru
tures that are not the theoreti
ally best possible.



CHAPTER 12. SAVING SPACE 68The usual de�nition of an impli
it data stru
ture is one that uses a working memory of size
O(w + 1) as well as an array A of size nw that grows and shrinks as n in
reases or de
reases. Theassumption about A growing and shrinking sidesteps the Ω(

p
n) lower bound on the memory overheadof data stru
tures that support insertion. It also makes the implementation of an impli
it di
tionarymu
h more 
hallenging sin
e it eliminates the O(

p
n) wiggle-room provided by the lower bound.Some referen
es need to be added here.


