
Chapter 4

Fractional Cascading

In this 
hapter, we study an algorithm design prin
iple 
alled fra
tional 
as
ading. Essentially, fra
-tional 
as
ading says that many problems 
an be solved by �rst solving (re
ursively) a subproblemwhose size is a 
onstant fra
tion of the original problem size and then using this solution to get ba
k toa solution of the original problem.
4.1 Iterated SearchConsider the following iterated sear
h problem. We are given h < n sorted arrays of numbers
A(1), . . . , A(h) ea
h of length n. We want to prepro
ess these arrays so that we 
an qui
kly lo
atea query key k in ea
h of the h arrays. That is, for ea
h 1 � i � h we want to know the smallest value in
A(i) greater than or equal to k. For 
onvenien
e, so that the output is well-de�ned, we de�ne A

(i)
∞ = ∞.Sin
e the arrays are sorted, we 
an solve this problem without any prepro
essing by using binarysear
h to lo
ate k in ea
h of the arrays. Sin
e there are h arrays and binary sear
h takes O(logn) time,the query time we get from this is O(h logn). Can we do better?Suppose we merge all the arrays into a single sorted array A 0 as in Figure 4.1. Ea
h element in

A 0 keeps tra
k of whi
h array A(i) that it 
ame from. With ea
h element x in A 0 we also asso
iate hintegers x1, . . . , xh, where xi is smallest integer su
h that A 0
xi

� x and A 0
xi


ame from array A(i). On
ethis data stru
ture is built, answering a query takes O(h + loghn) = O(h + logn) time, sin
e we onlyhave to do binary sear
h on A 0 to �nd the element x and then report A 0
x1

, . . . , A 0
xh
.A query time of O(h + logn) is 
ertainly better than the O(h logn) query time we got withoutbuilding the data stru
ture, but what pri
e did we pay for this query time? The array A 0 
ontains

hn entries, and ea
h entry 
ontains h integers (x1, . . . , xh), so this array takes up a memory of size
Θ(h2n). Constru
ting the array 
an be done fairly easily in O(hn logn + h2n) time by �rst sorting (in
O(hn logn) time) and then s
anning the sorted array using an auxilliary array of size h (in O(h2n)time) to 
ompute the xi values for ea
h array entry.18



CHAPTER 4. FRACTIONAL CASCADING 19
A

(1)

A
(2)

A
(3) 3 9 10 13 14

1 2 5 11 15

4 6 7 8 12

3 9 10 13 141 2 5 11 154 6 7 8 12

x1

x2

x3Figure 4.1: A �rst solution to the iterated sear
h problem obtained by merging the h = 3 input arraysof size n = 5 into one sorted array of size hn = 15.
B

(2)

B
(3) 3 9 10 13 14

1 2 5 11 159 13

2 9 13B
(1) 4 6 7 8 12

Figure 4.2: An iterated sear
h data stru
ture using fra
tional 
as
ading. Loops in right pointers areommitted to redu
e 
lutter.The O(h2n) term in the running time and memory requirements seems unfortunate. Lu
kily, it
an be avoided by using fra
tional 
as
ading. Let us de�ne B(h) = A(h) and suppose we take a sampleof B(h) by sele
ting every se
ond element, starting with the se
ond element. In this way, we obtaina sample S(h) of size bn/2
. Next, we merge S(h) with Ah−1 to get a sorted array B(h−1). For ea
helement x in B(h−1) we maintain two extra values, down(x) and right(x). The value of down(x) is thesmallest integer i su
h that B
(h)

i � x. If x 
omes from A(h−1), then the integer right(x) is the indexof x, otherwise right(x) is the index of the �rst element of B(h−1) that 
omes from A(h−1) and appearsafter x. See Figure 4.2 for an example.Above, we've outlined a pro
edure that takes as input B(h) and A(h−1) and output B(h−1). We
an now repeat this pro
edure, using A(h−2) and B(h−1) to obtain B(h−2), and so on until we get B(1).We 
laim that this data stru
ture 
an be used to solve the iterated sear
h problem in O(h+ logn) time.Suppose we have done something to B(i), 1 � i < h to �nd the smallest integer i su
h that
B

(1)

i � k. Let x denote B
(1)

i . Then the smallest element of A(i) greater than k is A
(i)right(x), so lo
ating kin B(i) is suÆ
ient to lo
ate k in A(i). Furthermore, we 
an lo
ate k in B(i+1) by looking at down(x).It is not hard to verify that the smallest index j su
h that B

(i+1)

j � k is either down(x) or down(x) − 1.(It 
an't be down(x) − 2 otherwise x would not be the smallest element in B(i) larger than x.)
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h query be
ause we 
an �rst lo
ate the query key k in
B(1) using binary sear
h and the repeatedly use the lo
ation of k in B(i) to lo
ate k in A(i) and B(i+1),for ea
h 1 � i < h. The binary sear
h takes O(logn) time and ea
h subsequent step takes 
onstanttime, for a total of O(h + logn).Next we analyze the prepro
essing and storage requirements for this data stru
ture. Let |X|denote the size of the array X. Sin
e B(i) is obtained by sampling every se
ond element from B(i+1) andmerging this sample with A(i), we have

|B(h)| = n

|B(h−1)| � n +
1

2
|B(h)| � n +

1

2
n

|B(h−2)| � n +
1

2
|B(h−1)| � n +

1

2
n +

1

4
n

|B(h−3)| � n +
1

2
|B(h−2)| � n +

1

2
n +

1

4
n +

1

8
nand, in general,

|B(i)| � ∞∑

j=0

n/2j = 2nTherefore, the total number of array entries in the entire data stru
ture is O(hn), and sin
e ea
h arrayentry 
ontains only a 
onstant amount of data, the entire data stru
ture has size O(hn). It is not hard toimplement the prepro
essing so that 
omputing B(i) takes O(n) time, so the prepro
essing and memoryrequirements are O(hn).
Theorem 8. Given h � n sorted arrays ea
h of size n, there exists a data stru
ture requiring
O(hn) prepro
essing time and memory that answers iterated sear
h queries in O(h + logn) time.
4.2 Segment TreesTo be done later.
4.3 Skip ListsIn the last se
tion, we saw how fra
tional 
as
ading 
an help when we are trying to lo
ate the sameelement in many sorted arrays. In this se
tion, we will see fra
tional 
as
ading 
an be used to lo
ate anelement in 1 sorted array.Let X = {k1, . . . , kn} be a set of n distin
t real numbers, where ki < ki+1 for all 1 � i < n. For
onvenien
e, we also de�ne k0 = −∞ and kn+1 = +∞. We de�ne a gradation X(0), . . . , X(h) as follows.The level X(0) = X. The level X(i), i > 0, is obtained by sele
ting ea
h element from X(i−1) with a�xed 
onstant probability 0 < p < 1. The value h is 
alled the height of the skip list and is de�ned as
h = dlog1/p ne.
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3 9 10 132 5 114 6 7 8 121 ∞−∞

2 3 6 7 8 9 10 12 13 ∞−∞

2 3 6 7 9 13 ∞−∞

−∞ 3 7 ∞

−∞ 7 ∞

Figure 4.3: A skip list. The grey nodes show the sear
h path for the key 11.For example, we 
ould toss a 
oin for ea
h element in X(i−1) to de
ide if it will be in
luded in
X(i). Then p = 1/2 (assuming 
oin tosses are fair) and h = dlog2 ne.In a skip list, we maintain ea
h level in a sorted list. More pre
isely, for ea
h level X(i), wemaintain {k0, kn+1}[X(i) in a sorted list Li. We use the notation right(v) denote the su

essor of a node
v in one of these lists. Ea
h element of Li, i > 0 also maintains another pointer down(x) whi
h pointsto the same element in Li+1. Note that k0 and kn+1 appear as the �rst and last elements, respe
tively,of every list. We 
all the �rst node of Lh the root of the skip list. See Figure 4.3 for an example of askip list generated by 
oin tosses.To sear
h for the key k in a skip list, we start by setting v equal to the root of the skip listand repeating the following step: If the value stored at right(v) is less than q then we set v equal toright(v), otherwise we set v = down(v). The sear
h ends when we try to set v = down(v) but down(v)is unde�ned. It is not hard to verify that the sear
h ends at a node v whose value is the largest value kismaller than k. (This follows from the invariant that the value stored at v is always less than k and thesear
h terminates at level 0.) The highlighted path in Figure 4.3 shows the sear
h path for key 11.To insert a new key k into a skip list we �rst 
hoose a random height l for k, a

ording to thedistribution Pr{l = i} = pi(1 − p) . We then follow the sear
h path of k in the skip list, ex
ept any timewe follow a down pointer at level i � l we spli
e a new node into the skip list at level i whose value is
k. If the value h = dlog1/p ne 
hanges due to the insertion of the new element, then we add one morelevel to the skiplist and add ea
h node at level h − 1 to this new level with probability p.To delete the key k from a skip list, we follow the sear
h path for k in the list, ex
ept that anytime the data at right(v) is equal to k we spli
e right(v) out of the list. If the value k = dlog1/p nede
reases due to the deletion of k then we remove the top level of the skip list.For all three operations (sear
h, insert, delete) the 
ost of operating on the key k is 
loselyrelated to the length of the sear
h path for k in a skip list of size n. Therefore, we analyze the expe
tedlength of the sear
h path for an arbitrary key k.To start with something simple, we �rst analyze the expe
ted number of nodes at level i. Avalue k appears level i be
ause it was sele
ted in the �rst i gradation steps. The probability that thishappens is pi. Therefore, by linearity of expe
tation, the expe
ted number of nodes at level i is 2+npi.(The extra 2 
ounts the elements k0 and kn+1, whi
h appear on every level.)
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ost of a sear
h, we split the 
ost into two parts: The number of times the sear
hfollows a right pointer and the number of times the sear
h follows a down pointer. The �rst part, i.e.,the number of times the sear
h follows a down pointer is exa
tly h = log1/p n.To analyze the 
ost of following right pointers, we di�erentiate between right pointers in level hand right pointers in all other levels. The number of right pointers followed at level h is no more thanthe number of nodes at level h. The expe
ted number of nodes at level h is
2 + nph � 2 + nplog1/p n = 2 + np

logp nlogp 1/p = 2 + nn
1logp 1/p = 2 + nn

1
−1 = 3 .Next, 
onsider the right pointers that we follow at level i < h and observe that we only followa right pointer from node v if the value stored at right(v) is not in X(i+1). But if the value at right(v)appears in X(i), then with probability p, it also appears at level X(i+i). Thus, the probability that wefollow exa
tly j right pointers is at most p(1 − p)j and hen
e the expe
ted number of right pointers wefollow at level i < h is at most

∞∑

j=0

jp(1 − p)j = p

∞∑

j=0

j(1 − p)j = (1 − p)/p .1Therefore, the expe
ted total number of pointers we follow at all levels i < h is h(1 − p)/p.To summarize, the expe
ted length of the sear
h path for any key x is at most the expe
tednumber of down pointers (whi
h is exa
tly h) plus the expe
ted number of right pointers at level h(whi
h is less than 3) plus the expe
ted number of right pointers at all levels i < h (whi
h is exa
tly
h(1 − p)/p) for a grand total of

h + 3 + h(1 − p)/p = h(1 + (1 − p)/p) + 3 = O(h) = O(logn) ,for any 
onstant p.The expe
ted 
ost of sear
hing for the key k is proportional the expe
ted length of the sear
hpath for k, whi
h is O(logn). The 
ost of inserting or deleting k is proportional to the length of thesear
h path for k plus the 
ost of in
reasing the number of levels by 1. The former 
ost is O(logn) andthe latter 
ost is proportional to the number of nodes on level h, whi
h is 3. Therefore, sear
hes anddeletions also take O(logn) expe
ted time.Sin
e the expe
ted size of the ith level in a skip list is 2 + npi, the expe
ted size (number ofnodes) in a skip list is
h∑

i=0

(2 + npi) � 2h + n

∞∑

i=0

pi = 2h + np/(1 − p) = O(n)

Theorem 9. Skip lists support insertion, deletion, and sear
hing of keys in O(logn) expe
ted timeand use O(n) expe
ted storage.Another ni
e property of skip lists is that the expe
ted number of pointer updates during aninsertion or deletion is p/(1 − p). Therefore, if we 
ombine skip lists with the persisten
e paradigm ofChapter 3 we get a data stru
ture for next element sear
h queries that whose expe
ted size is O(n) andthat answers next element sear
h queries in O(logn) time.1Here we use the identity ∑∞
j=0 jxj = x/(1−x)2, for any x < 1.
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4.4 Discussion and ReferencesFra
tional 
as
ading has found many appli
ations over the years, espe
ially in 
omputational geometry.Willard [7℄ and Lue
ker [5℄ both independently dis
overed the idea that iterated sear
h 
ould be solvedin O(k + logn) time and used this idea to speed up sear
hes in segment trees (Se
tion 4.2). Edelsbrun-ner et al [4℄ applied fra
tional 
as
ading to speed up a next-element sear
h data stru
ture based onde
omposing the elements into monotone 
hains. Chazelle and Guibas' two part arti
le [1, 2℄ des
ribesa very general form of fra
tional 
as
ading and its appli
ations. Cole [3℄ uses fra
tional 
as
ading toobtain his 
elebrated O(logn)-time, O(n)-pro
essor parallel merge-sort algorithm. Mehlhorn and N�aher[6℄ show that fra
tional 
as
ading 
an be done in a dynami
 setting. That is, insertions and deletionsto the individual lists 
an be done in O(logn log logn) time per operation and iterated sear
h queries
an be done in O(logn + h log logn) time.
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