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Rardomized AlgoriH\ms
Wlnajc'2 An a lorljrlﬂm that makes vandom choizes durina

1 S exeéeclu

", 37' Kandomness Can make Many {asKs essier (or ewen Possiue)

How?: The ools ot roba[o A 11‘7 a are used o a/\alyze_
Proper’o-cs o@ l‘anc'0m:2ed al it

When?: Since +he 1960's  (see Guickeort, (961)

Where?: Randomination has applicawlbns i almost all branches of
alaon"”\mg

Who ? : E'verybocly's doin' it



]:nser{'ion Sort

Sort (A,... Ar)
L for il 4o n-l do
2. & | .
2: While 1>1 and A;, > A
q; Swgtln AJ_ < A\.;
5 V& -\
J J




Ana o Inserl'ion Sg/'t

\1
J
Sort (A, An)
I: (:or el +o n-l do
2. 1= L+ |
2: dohi le \>1 and A > A;
4. Swgﬂ A-a < A
5° \ < \-\
J-

JMHLAJMMCLMMJKZ—




Averase Case Ana(&)si{ of TneerkionSort

§or’c(A A.)
I Cor e | '|'o n-l do
2 & Lt .
3: ‘While 1>1 and A > A
1. swip A <« A.
5 e 1o\ Y ’
J J
Wl";l' | A:“,,, AHJKMMPNMWM ion of lh?
LJ;' T‘L‘y = 3ad N swa.om{ In (n»e 4
oH«erwase_
n-l _
Then we ane l/\kllé'l‘ed In ) > . i
X> !,yu J

= wes live 4 evecutes




n-1 N alon -
‘/:_i>. xifll 2) :L.t I-X.‘}X
Xz 3=x+l X=1 Y=k
n-1\ n
\ [\ /) t N B
= 2 2. Lryyappes betwre X {
X=1 =K«
n-1\ n
- -
= l}_.llL.l P
X=1 \I':-K-k\
- Umy= W0
Z\=l Ty Y
S TnsrbinSprt does hall as man‘c/ swaps oh &

mnclom jn ﬂu‘f




Qanc{ow\iud ce/{'m/\ St
Sort (A 3
0.
l: éf l(—l ‘{'0 \’\ l AO
2. e o+|
3: while J>'.\. and A A‘,
q. Swa‘; AJ < A
S J J \

/\%vmuj‘C(A. iy A )
0: for i=| o n-1 do

l:
2

Jé"' vandem (... ")
swap A; A
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::'vn A inj -H»e HM'\\M\AW\

Had Mi"‘(Ai yhes A"\)

M & 00

for izt & n do

meA;

l:
1-
3 i€ A< m then
g
4

. re.'l‘um w

MM(\O\OM permun oA of L. D

How Man\l}l fimes does line d erecute ?

T.=11 if A;-" M'V\EA“...A.;k (/’\; is a recod )

t O otherwise

ELT]=1/v




E}wc\inj He Miniwmum

CodMin(A, . AL)

M& 0O

bor izt  n do

me A;

l:

7-

3: ic A <m then
4;

A

TC{'\AW\ wm

. ) .\

"nth harmonir number '’




Ha Y MPAIL l\}wl)erg

:\Q[».)clu. ¢ H, ¢ |+, ‘“(lfn-)dw

w]d N'-

i

v 2 3% 4 n

hm < Hy € lam +1

nth hacwmonic wumher (s alwost equal b [nm




Eiﬁéﬁméﬁ&ardn Trees

\H«»rAaJiﬁi\tm

M&&Lﬁnﬂr{m’ in 3 fvp-afown Bshim

Example: 52,1,6,3,83,4,9,10

Wohlew: Sowe sequences lead o badl Arees.




Rondom Biner ory Search Trees

A randowm hinary

searth 4ree ¢ 5 basic binany

MM#@M%AM@@L;

ot 1..m

f()upy/wn 1: La‘f

u/l)m blmUma P

IS 111 eg@eofed mm.het aé mmparz'somf
RBST ?

: W\af i< $ed number of compans

n

Je.aimjg R8ST?




Cost of Quildinf) RBST

IX'\‘] ={ b x s c'ompamol Jcoj when buiul'f\ﬂ RBST

O otherwice
123 (X Kl momoeeen e _\n-----.... - - --,.ﬂ
— —— )
y-X+|

Mu'cl« elemen‘l' oP EX\XH ,}J} .’)szeals CNS‘l' m X,.

X - 3 Lé{_&'c\ N~ 175




Cgs{' OC @Mildinf\) (RE)ST— (Cont'd)

2
3 I&\\j = y=xe|
The cost b buld a €BST is Cost =
~ A=\ _n 1 n-\ . -~
El\J}'IXaU\ =>J)_:EI,X=U\
L X=1\ 3-:)«\ JJ =1 s:x-r\ = J <
n-1 _n -2
= >J >_. \|—~X+|
=1t s:x-r\

/

=Z (\HA-! *Haot Hay #0e H ! 3

¢ 2nHy € 2nlan +0OM)




CDS(_ o('\ Searc(m.v\g‘ n ?8ST—

’—\l\e Cos-\; '\:g S{arc‘awﬂk_lgﬂdjﬂ—

> ResT

L= "1 B K is companed to x

9 .
0 O‘H/\Crw |4

) P LKJ ' n

. - |
El 2T | = St * ), ot S 2Ha € 2lam +O(1)

= . =1 x=(x1

T he e,x'nemled cost of se_archi% for @ Key in the BRBST is less.




~ Quicksor { (Hoare HGI)

Gmgl'(uCLiM BST is an O(mlogn) 4 alaorthim Cor

Sof l-.‘nj ‘h‘l numbers .

Tls aborijdo\va § o lec[ chK S‘o/{‘:

p ®.
partition (e (P
-
L <P e >P

T weorew: The expectedl number of cm pavisons done Quicksort

wM\ swhv\j an ;[r;\\} of [MJ‘H« N is a'(_' wosl: 7&\\ \ N\ 40@\)




Aml\t’mis o(' Ra(\e(om Bmar}\, geard« Trees

-

—\/\e Cos—\_ {‘o S-carc\'\ Co( an e\ev«ea K V\O‘l' n

o> ResT

I.‘(: Ai lp K is mm!)aqal ILD X
1O otherwice

" 7 M -

g S _ .
E| 2T | = P otamet * 2, ot S 2Ha €2lnm ¢ O(1)

= x=1 x=(x1

The expected cost of SQrchi% for o Key in the RBST is less.

.:. RBS'I’ {s 4] Fas"’ se..b(c’«iv'j cl.»'}'a shucfwe

'Bgd ffs mz;lj d\.’g,pml'l;




\reap§

LH&; a.f)dbfﬁki H/K).

\nar { r

A

fean Sa]

hisBes

LLL\@:) nronef

_p&)_ﬂpare_nﬂk))&gfﬂﬂ' the oot .

%‘

‘reap i< wuquelu dLﬂ’Md_L;S_;LS_MSJAJ

l',S KevS




(

reap - Fx aw\P\_e_
|

9 + ¥ 9 10
¢ 03 02 0% 083 O( o4 OF 06 09 \0
Equiva wa: |
~Sor't l % Lm nvion'J\'i valm_s
~In Y ] nare afth Tree




'R;\PC'DM T\,Feap

MM‘W_(&JMQNM real
number n [0,1].

Lo /L rana[m\ ‘l"r(a,p (s {,c,;w’va[m

.

v 1 RBST

oo The expected coct fo search bpr an element using

9 rand om 'f‘rea,o is af mpst 2lan +OQ).




M%FL@LBEAAM—T@’) o T 0
a elry) /A

/\

AR B c
IV\S&H(K\ .
l'- - ner K

D(K) e random (0,1

3'- while K is not ﬂ~e root and D(K) < D(nalmj( (K)) do

y: Rotate (K, paren ()

~ #

Note: Hrotstions < dopth(K) => E|# rotations < 2lun +0(1)

St

o' The expected fime fo insert into a random tpeap is O ‘flqm)




- T '
’Dg,lel‘iy\q F[ovwa RSW\ADW\ .feaP /\ /\T
J /\ votshons [/ \
/ ® \ ) /o \
Delete (K) /
[ whi\e_x K lnaa sc;:m dni\i do - / \ b
2. € child of K with minimum p(4) @
3 ‘Ro‘l'a'l‘f (K,,?) p
Y- SniP(K\,
Notice: T)eieniw’nj K from T the reverse of imsu{-\'vxj K ink T
o' The expected fime To delete 5 Ke:!’ o 3 (ardow Treap i OCM;%)




Summe y

T heorem T:he expechcl number oF [nwrsions a2 randem pmw{a“l'o/\
s &) (32)
Theotrew. The exrejc:’cccl number of rewrds in a vandom perw{rhm

i Hy< lam %1,

Theorem:. The expec ted runding hime of OuickSort is O lo:)’n\.
The expec{-ed number of G parisons is n lam « Oln)"

Theqrcv&',l'ke)apec{'ed time 10 Search, insert ,or delete From 3 4w p
"ll%\e e,:g(::zl';of number of wmp Sricons Bor each o{mal-\'on i< Zhm+0(1)



Summa y

T heorem: _,;h ex,ucl'ecl number oF [nwrsions a2 randem pﬂmfz“l'on
s &) {(2)
Theorew. The exPe&ecl number of rewrds in g vandom penm{alio\/\

i Hy< lam %1,

Theorem:. The expected running time of OuickSort is O (043%\.
The expec%ed number of @ parisons is dnlnm + Om) "

Theqrevgc',rhe)apec{'ed time to search, insert,or delete from 3 e p

S n).

"n\e e,:g(ucl'ea( numher ok wmp.gn'sons For each o‘makon is Ziam +0(1)
The expected number of votatons & O(1) ,
The expected distance hetween the element A rankK { and
+He cbment of rank J is O( log lJ%')












